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CHIRAL VECTOR BUNDLES: 

A GEOMETRIC MODEL FOR CLASS AIII TOPOLOGICAL QUANTUM SYSTEMS 


GIUSEPPE DE NITTIS AND KIYONORI GOMI 

Abstract. This paper focuses on the study of a new category of vector bundles. The objects of this 
category, called chiral vector bundles, are pairs given by a complex vector bundle along with one of its 
automorphisms. We provide a classification for the homotopy equivalence classes of these objects based 
on the construction of a suitable classifying space. The computation of the cohomology of the latter 
allows us to introduce a proper set of characteristic cohomology classes: some of those just reproduce 
the ordinary Chem classes but there are also new odd-dimensional classes which take care of the extra 
topological information introduced by the chiral structure. Chiral vector bundles provide a geometric 
model for topological quantum systems in class AIII, namely for systems endowed with a (pseudo- 
jsymmetry of chiral type. The classification of the chiral vector bundles over spheres and tori (explicitly 
computable up to dimension 4), recovers the commonly accepted classification for topological insulators 
of class AIII which is usually based on the K-group K\. However, our classification turns out to be even 
richer since it takes care also for possible non-trivial Chern classes. 
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1. Introduction 

The mathematical investigation of the nature of the topological phases of the matter is a recent hot 
topic in mathematical physics. Starting from the seminal work by Kane and Mele IIKM2L where for the 
first time Z 2 topological phases were predicted, a big effort has been devoted to the understanding of a 
general scheme for the complete classification of all possible phases of topological insulators. The first 
considerable contribution to this program was provided by Kitaev’s “Periodic Table” for topological 
insulators and superconductors llKil . This is a K-theoretical-based procedure which organizes into a 
systematic scheme the stable topological phases of symmetry-protected gapped free-fermion systems. 
A certain amount of valuable foundational works devoted to the justification and the generalization of 
Kitaev’s table appeared in recent years: BSRFLl iRSFLlIFMjIThl 1 IKZl just to mention few of them. 

A quite different approach to the study of the topological phases of quantum systems consists in 
focusing on the rigorous geometrical analysis of each single topological class. In fact, if from one 
side the various fundamental symmetries (or better p^cndo-symmetries as pointed out in IIKZIH can be 
used to organize the different classes of topological insulators according to the “Bott-clock” induced 
by the underlying Clifford sfrucfure, on fhe ofher side each class is described by ifs own geomefric 
model. The laffer is usually specified by fhe sef of symmefries defining fhe class ifself along wifh 
a proper nofion of ground state, often idenfified wifh a Fermi projecfion in a gap (a differenf buf 
equivalenf poinf of view has been recently considered in BKZII i. For periodic fermionic systems, or 
more in general for topological quantum systems (in the sense of HDG 1 1 lDG2l IDG3II i. these geometric 
models are realizable as vector bundles enriched by the presence of extra structures. For the case 
of systems with an even or odd time-reversal symmetry (class AI and All, respectively) a complete 
analysis of the related geometric theories has been recently performed in BDGll IDG^ . Some of the 
main achievements obtained through this specific sfudy are: the possibility to access the unstable 
regime which is usually out of the domain of the K-theory (there is a recent interest on that BKGlIKZII f: 
the possibility to consider also systems adiabatically perturbed by external fields (meaning fhaf one 
can replace the Brillouin torus or sphere with quite general manifolds); the identifications of proper 
cohomological classes capable to completely classify the topological phases. An even more relevant 
aspect is the possibility to describe the topological classification in terms of differential-geometric 
invariants, a point recently investigated in IIDG3II . 

This work is devoted to the study of a geometric model for the class AIII or, said differently, for 
the class of quantum systems protected by a chiral symmetry (in the jargon of topological insulators 
BSRFLl iHKl i. There is a renewed recent interest for the study of the topology of these models (see 
e. g. BPSB i. On the one hand it is a common belief that systems in class AIII are classified by fhe 
.K-group K\. On the other hand a closer look at these systems reveals ambiguities and deficiencies in 
the various definitions, as recently pointed out in BTh2B (see also the introduction of BThll i. The main 
open questions seem to be summarized by the following list: 

<3.1) Which is the class of transformations which preserve the chiral phases? 

<3.2) The topological indices which label the various chiral phases are absolute or relative? 

Q.3) Is Ki enough to completely describe the topology of chiral systems? 

It is our conviction that a complete answer to the previous questions (and to the observations raised in 
BTh2B i needs a precise definition of a geometric model for the description of systems in class AIII. In 
this work we will show how to construct such a model, a fact which is important by itself for a better 
understanding of the geometry underlying chiral systems. Moreover, a rigorous study of the related 
topology will provide a finer classification for the class A II I. 

From a mathematical point of view the geometric object of our interest is a new class of vector 
bundles that we decided to call chiral vector bundles, orX'^^^tor bundles for short. These are formally 
defined as follow: 
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Definition 1.1 (Chiral vector bundle). A chiral vector bundle over X is a pair {S’, O) where n \ S ^ X 
is a complex hennitian vector bundle and O e Aut((o") is an automorphism of S. The rank of the chiral 
vector bundle {S, O) is the complex dimension of the fibers of S. 

We point out that we are not only interested in the classification over spheres or tori (as usual in the 
business of topological insulators). Our requirements on the nature of the base space X are quite weak. 
Hereinafter in this paper we will assume that: 

Assumption 1.2. X is a compact and path-connected Hausdorjf space with a CW-complex structure. 

The particular choice of the nomenclature is justified by the fact that ;y-vector bundles provide a suit¬ 
able model for the study of the topology of ground states of topological quantum systems endowed 
with a chiral symmetry. This connection will be briefly discussed at the end of this introduction and 
rigorously established in Section [6] 

Chiral vector bundles over a topological space X form a category when endowed with a proper 
notion of morphisms. These technical aspects will be discussed in full detail in Section |2l The only 
important information for the aims of this introductory discussion is that in this category the notion of 
isomorphism does not coincide with that of homotopy equivalence, a fact which makes chiral vector 
bundles quite different from complex vector bundles. The pure notion of isomorphism turns out to be 
too strong to set up a reasonable classification theory of topological nature. For this reason one needs 
to weaken the notion of equivalence by looking at the homotopy (see Example 12. 5 1 for more details). 
With this precaution the problem of the classification of chiral phases can be translated in the problem 
of the enumeration of the set 

Vec™(X) jequivalence classes of homotopy equivalent rank m chiral vector bundles over a|. 

For a precise definition of the notion of homotopy equivalence we refer to Definition [2j4l The virtue of 
this definition is that Vec™(X) can be classified by homotopy classes of maps from A to a classifying 
space B™, i. e. 

Vec™(A) - [A,B™] . (1.1) 

The isomorphism (11.11) is established in Corollary 13.41 while the space B™ is described in Section 
13.11 Both homotopy and cohomology groups of B™ can be explicitly determined (cf. Section 14.11 and 
Section |4~^ respectively) and along with (11.11) this allows for a classification of Vec^(A). For instance, 
for the classification of the topological phases offree-fermion systems the base space can be identified 
with a “Brillouin” sphere (see the discussion in BDGll Section 2]) and so, after setting A = in (11.11) 
one obtains: 

Theorem 1.3 (Classification over spheres). Rank m chiral vector bundles over spheres are classified 
by the following bijections 

Vec;(S^) - nd{B’^) - nd{V{m)) © ;r^-i(U(m)) . 

In the case of low-dimensional spheres the result of the classification is displayed in Table [T] 1 along 
with the standard classification for complex vector bundles (see Section 15.31 for a more detailed dis¬ 
cussion). 

The content of Table [Hi leads to an immediate observation: the topology of chiral vector bundles 
seems to be just richer than the topology of complex vector bundles. This is indeed true and not 
surprising at all! From its very definition it turns out that a chiral vector bundle is, in particular, a 
complex vector bundle plus an extra structure. Then, there is a “forgetting” map which associates to a 
given ;y-bundle {S, O) just its underlying complex vector bundle S. This map is evidently compatible 
with the notions of isomorphisms of complex vector bundles and homotopy equivalence of ;y-bundles 
(which is weaker than the isomorphism equivalence) and leads to a well-defined morphism 

] : Vec"’(X) Xtd'^iX) 


(1.2) 
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Free-fermion systems 

VB 

AZC 

d= 1 

d = 2 

d = 3 

d = 4 

Vec“(S^) 

A 

0 

Z 

0 

0 {m = 1) 

Z {m ^ 2) 

Vec“(S^) 

AIII 

Z 

Z 

II A\ 

0 N 

0 {m = 1) 

Z © Z 2 (m = 2) 

Z {m > 3) 


Table 1.1. The column VB lists the symbols for the sets of equivalence classes of vector bundles in 
the complex and chiral category, respectively. The related Altland-Zirnbauer-Cartan labels ISRFLI are 
displayed in column AZC. In the complex case the classification is specified by the first Chem class Ci in 
dimension d = 2 and by the second Chem class C 2 in dimension d = 4 (cf. IDG II Section 4]). In the chiral 
case the classification is richer and in addition to the usual Chern classes one has new odd-dimensional 
characteristic classes called chiral classes (cf. Section lSTt . The extra invariants introduced by the chiral 
stmcture are displayed by the “boxed” entries. In dimension d = 1 and d = 3 the Z classification is 
provided by the first chiral class Wi and by the second chiral class W 2 , respectively. In dimension d = 4 
there is an unstable chiral invariant Z 2 only in rank m = 2 which is related to the homotopy group ;r 4 (S^) 
via a Hopf’s fibration (cf. Section [53l >. 


which is indeed an injection. In particular the image of Vec™(^) in Vec™(X) under j is described by 
(homotopy) equivalence classes of the type [{S', \As)\ which are classified, at least in low dimension, 
by the help of Chern classes. On the opposite side there is another interesting subclass of ;T-bundles 
c Vec™(X) which consists of homotopy equivalence classes of the type [(X x C”h O)] where 
the underlying vector bundle is trivial. Since the automorphisms of a trivial product bundle X x C” 
(endowed with a Hermitian metric) are described by maps ^ : X —> l[J(m), one has that 

Vec™(X) - [X,U(m)] . (1.3) 

This is the part of Vec™(X) which is “purely chiral” in the sense that ;T‘bundles in Vec"(j(X) have van¬ 
ishing Chern classes due to the triviality of the underlying vector bundle and hence they are classified 
only by pure chiral invariants. This subset, which under stabilization can by classified by .^fi(X), de¬ 
scribes the systems of class AIII usually considered in the physical literature concerning topological 
insulators. However, at least in our opinion, this seems to be a strong physical restriction which is 
not at all necessary. As a matter of fact, elements in Yec'^\{X) describe chiral systems which posses a 
ground state (or Fermi projection) with trivial Chern topology and this is not at all the general situation 
in the physics of band operators. On the other side the full set Vec™(A) contains also models of chiral 
systems associated to ground states with a non-trivial Chern charge and for this reason we believe that 
a deeper understanding of the chiral phase requires the study of the full set Vec"®(A) rather than of its 
“Chern-trivial” subset Vec™,j(A). This interpretative aspect will be properly developed and deepened 
in Section 0 

The classification of chiral vector bundles becomes more complicated when one replaces spheres 
with a generic base space X. In this situation, by taking a cue from the similar problem for complex 
vector bundles, one finds advantageous to construct suitable characteristic classes. As usual these 
classes can be defined as the pullback with respect to the classifying maps in (11.11) of the integral 
cohomology of the space B"h the latter being completely computable. In this way one can associate 
a set of cohomology classes to each ;T-bundle (cf. Section 15.11) and, at least in low-dimension, these 
classes suffice for a complete characterization of the topology. More precisely, one can prove the 
following result. 

Theorem 1.4 (Classification via characteristic classes). Let X be as in Assumption \1.2\ and Zct qf e N 
be the maximal dimension of its cells. 
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(i) The Picard group of chiral line bundles is classified by the isomorphism 

(wi,ci) : Vec].(X) A h\X,Z) © H^{X,Z) 

induced by the first chiral class wi and the first Chem class c\. 

(ii) In the case of a generic rank m^ 2 and for low dimensional base spaces 1 < < 3 there are 

bijections of sets 

(wi,ci,W 2 ) : Vec^(X) ^ H\X,Z) © H^{X,Z) © H^{X,Z) (1.4) 

induced by the first two chiral classes wi,W 2 and the first Chern class c\. 

(Hi) Ifd-4 and in the stable range m ^ 3 there are bijections of sets 

(wi,ci,W 2 ,C 2 ) : Vec™(X) ^ H\X,Z) © H\X,Z) © H^(X,Z) © H‘^{X,Z) (1.5) 

induced by the first two chiral classes wi,W 2 and the first two Chern classes ci,C 2 - 

Since H^fX, Z) = 0 if k > d, equation (11.41) has to be decorated by the obvious constraints ci = W 2 = 0 
if d = \ and W 2 - 0 if d = 2. Item (i) is proved in Proposition 15.51 while the proof of items (ii) and 

(iii) is described in Proposition 15.71 The first interesting unstable case d = 4, m = 2 is not covered 
by the above theorem. A general analysis of this case reserves considerable mathematical difficulties 
as discussed in Section 15.51 With the help of Theorem 11.41 one can for instance classify y^-bundles 
over tori of low dimension. The latter provide the geometric model for the study of the topological 
phases for systems of fermions which interact with a periodic background (see the discussion in BDGll 
Section 2]). In the case of “Brillouin” tori X the classification is displayed in Table [T]2. 


Periodic fermion systems 

VB 

AZC 

d = 2 

ro 

II 

d^\ 

Vec”XT^) 

A 

Z 


Z^ (m = 1) 

Z^ © Z (m > 2) 

Vec“(T^) 

AIII 

z} ®z 

Z} © (m= 1) 

Z^ © Z^ © Z (m > 2) 

z'' ©Z® {m = 1) 

Z"^ © Z^ © Z"^ © Z © Z 2 (m ^ 2) 

Z"* © Z'^ © Z"^ © Z (m ^ 3) 


Table 1.2. Notations and abbreviations are the same already used in the caption of Table[T] 1. The case 
d = 1 is already covered in Table[T]l since T' = S*. In the complex case the classification is specified by 
the first Chern class Ci up to dimension d = 'i and by the first and second Chern classes (ci, C 2 ) € Z® © Z 
in dimension d = 4 (cf. IDG II Section 4]). The extra invariants introduced by the chiral symmetry are 
listed by the “boxed” entries. The splitting in the direct sum of the groups is order by the sequence of 
characteristic classes (wi,ci, W 2 ,C 2 ) modulo the obvious conditions of triviality given by //*^(T'^,Z) = 0 
ifk> d. The unstable case d = 4,m = 2, not covered by Theorem ll.4l is discussed in Section ITbl 


Before ending this introduction, let us briefly justify our basic assumption that chiral vector bundles, 
as introduced in Definition 11.11 provide the proper geometric models for the topology of the ground 
state of quantum systems protected by a chiral symmetry. This aspect will be dealt with in depth in 
Section l^and completed with a comparison with the existing literature. Let us start with the following 
definition which generalizes the usual notion of (translational invariant) topological insulator in class 
AIII. 
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Definition 1.5 (Topological quantum systems with chiral symmetr>[3). Let X be a locally compact, 
path-connected, Hausdorjf space. Let IH be a separable complex Hilbert space and denote by 
the algebra of compact operators on 'Ll, respectively. A topological quantum system is a self-adjoint 
map 

X 3 X ^ H(x) = H{x)* e jeifH) (1.6) 

continuous with respect to the norm-topology of JlfifH). Let (t{H{x)) = lAj{x) | y £ X Q Z} c M. be the 
sequence of eigenvalues of H{x) ordered according to ... A- 2 (x) < /l_i(.r) < 0 < /li(.r) < A 2 (x) < .. 
The map x Afx) (which is continuous by standard perturbative arguments UKatl ) is called y-th 
energy band. An isolated family of energy bands is any (finite) collection := {/!;•((■),... >^y,„(')} of 
energy bands such that 


min dist 

xeX 



U 


C, > 0 . 


(1.7) 


Inequality (11.71 ) is usually called gap condition. We say that the system is subjected to a chiral symme¬ 
try if there is a continuous unitary-valued map x xix) on X such that 


jX(x) H{x) x(x)* 

I 


where is the identity operate^ 


-H(x) 




(1.8) 


A standard construction, which is described in some detail in Section[6]2j associates to each topological 
quantum system (11.61 ) with an isolated family of m negative energy bands (11.71 ) a complex vector bundle 
> A of rank m which is usually called Bloch-bundle. Due to the chiral symmetry the system posses 
also a family of m positive bands which define a “twin” Bloch-bundle S‘+ —> X. These two vector 


bundles are in general non-trivial and the chiral symmetry induces an isomorphism 0^ : ff_ 




These data are enough to univocally specify (up to isomorphisms) a Clifford vector bundle over X 
of type (0,1) (cf. Section O. Objects of this type provide a geometric model for the construction of 
A] (A), as showed by Karoubi in BKarl Chapter III, Section 4]. This is the point of view adopted in 
BFMl IThll for the classification of system in class AIII. However, although on the one hand the K- 
theory introduced by Karoubi fits perfectly with the need to explain the “Bott-clock”, on the other 
hand this K-theory does not seem to take into account the topological content associated with the 
Chern classes of the underlying vector bundle. A more precise discussion on this delicate point is 
postponed to the end of Section lOl The link between topological quantum systems of type AIII, or 
equivalently Clifford veefor bundles, and chiral vector bundles depends on fhe choice of a reference 
isomorphism : S’- ^ S’+. After fhaf such a has been chosen, one defines a rank m chiral vector 
bundle {S,(^) Jusf by selling S := S- and O := /i”} o 0^. In our opinion, is exacfly fhe topology of 
(S, O) which complelely describes fhe lopological phase of fhe original lopological quanlum syslem 
wilh chiral symmelry. The arbilraiiness inherenf in fhe choice of /iief seems lo be an inescapable 
aspecl and explicilly HThll ITh2ll or implicilly HSRFLl IRSFLl |QZ[ IBuTl IPSl Ihis problem seems to be 
common lo all allempls lo define properly fhe chiral invarianfs. We refer to Section [631 for a more 
precise discussion. 


Al fhe end of Ihis long inlroduclion, lef us summarize our poinl of view aboul fhe description of fhe 
topology of systems with a chiral symmetry as follows: 


‘The setting described in Definition 1 1.5 1 can be generalized to unbounded operator-valued maps x i-j H(x) by requiring 
the continuity of the resolvent map x i-j RAx) := {H{x) - zl) ’ e JCCH). Another possible generalization is to replace the 
norm-topology with the open-compact topology as in iFMl Appendix D]. However, these kind of generalizations have no 
particular consequences for the purposes of this work. 

^We notice that the second condition in dl.8t can be replaced by the equivalent constraint x'(xf = “I'M under the 
identification^ = ix' ■ 
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Assumption 1.6 (Topological phase for chiral topological quantum systems). Let X be a topological 
space which fulfills Assumption O and X 3 X H{x) a topological quantum system with chiral 
symmetry X 3 x ^ Definition 17.51 Assume that there exists a ground state described by a 

system O- of m strictly negative energy bands ( zero energy gap condition, cf. Assumption 16.81 ) which 
are separated from the rest of the spectrum in the sense of (O- With these data one can build a pair 
of “twin” rank m Bloch-bundles S‘+ ^ X and a chiral isomorphism 0^ : Let /i^f : dL — > 

be a reference isomorphism arbitrarily chosen. We assume that the topological phase of the chiral 
system, relatively to the reference map h^^f, is detected by the equivalence class 

€ Vec“(A) 

where S’ \= S- and d) o 0^. 

The virtue of our Assumption 11.61 is that it allows us to answer, from our own point of view, the 
questions Q. 1) - <3.3) stated at the very beginning of this introduction. 

7?. 1) The chiral phases are homotopy invariants of the system. Isomorphisms (chiral isometries) 
are too strong and generic unitary transformations as in IITh2ll are too weak to set up a proper 
topological theory for chiral systems. 

7?.2) The notion of topological phase of a chiral system is not absolute but depends on an arbitrary 
choice of a reference isomorphism. Only the notion of relative phase between two different 
states of the system has an absolute inteipretation. This is equivalent to establishing a priori 
the “reference” trivial chiral phase. 

7?.3) In the classification of the topological phases of chiral systems also the topology of the ground 
state, described by the topology of the underlying Bloch-bundle, plays a role. The K-group K\ 
is not enough. For instance it does not contain information about the Chern classes. 

In our opinion 7?.2) is worth of a final comment. In the axiomatic theory of characteristic classes the 
fact that the topological invariants are defined only relatively fo a given choice seems to be the rule 
rather than the exception. For instance this is true also for the familiar Chern classes which can be 
defined from the Hirzebruch’s system of axioms only up to a normalization given by fixing the Chern 
class of the tautological line bundle over CP“ BHul Chapter 17, Section]. 

Acknowledgements. GD wish to thank A. Verjovsky and G. Thiang for many stimulating discussions. 
KG’s research is supported by the Grant-in-Aid for Young Scientists (B 23740051), JSPS. 

2. Chiral vector bundles 

Before starting the formal study of;y-bundles let us recall some basic facts of the theory of complex 
vector bundles. Given a complex vector bundle tt : (f —> X one can always endow S' with a hermitian 
fiber-metric m \ S Xj^S — > C which turns out to be unique up to isomorphisms (see e. g. IIKarl Chapter 
I, Theorem 8.7]). Here S S denotes the set of pairs {p\,P 2 ) e S x S such that n(pi) = n{p 2 ). 
This means that without loss of generality we can restrict our attention to hermitian complex vector 
bundles of rank ni € N. The latter are characterized by their structure group (the group in which the 
transition functions take values) which is the unitary group l[J(m). An automorphism of a hermitian 
rank m complex vector bundle n : S ^ X is a vector bundle isomorphism 



X 


which is also an isometry with respect to the hermitian fiber-metric, i. e. m{pi,p2) = in(d)(pi), 0(p2)) 
for all p\,p2 e S Xn S. We denote with Aut(ff) the automorphism group of S. Let us remark that 
automorphisms in Aut((f) can be locally identified with maps X D 'Ll ^ l[J(ni) where U is a trivializing 
open set for S. 
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The construction of a coherent topological theory of chiral vector bundles requires the introduction 
of a proper notion of isomorphism. Quite naturally one can say that two rank ni;y-bundles ((li,Oi) 
and ((§ 2 , 02 ) over X are isomorphic if there exists a homeomorphism / : —> (^2 which makes the 

following diagram 


^1 


<ti 


^1 



( 2 . 2 ) 


commutative. We use the notation (J), OQ « {S‘ 2 , d> 2 ) to say that (^ 1 , Oi) and {(§ 2 , ^> 2 ) are isomorphic. 
The trivial rank m;t^-bundle is, by definition, the pair (X x C'”,IdxxC“) where X x C™ —> X is the 
standard product vector bundle (endowed with the first factor projection) and IdxxC™ is the identity 
map which fixes each point {x, v) £ X x C™. A ;y-bundle {S, O) is said to be strongly trivial if 
{S, O) » (X X C™, IdxxC")- The notion of isomorphism « induces an equivalence relation and one can 
define in a usual way the set of isomorphism classes 


Vec^ (X) jrank m chiral vector bundles over X 


(2.3) 


Remark 2.1 (Weak local triviality). Chiral vector bundles are not “genuine” locally trivial objects. In¬ 
deed, a notion of local triviality for a;y-bundle {S’, O), which is also coherent with the above definitions 
of isomorphism w and strong triviality, should require the existence of a cover {It} of open subsets of 
X and subordinate trivializing maps that establish isomorphisms (Slu, d^lu) ~ (U x C™, IduxC™)- How¬ 
ever, if from one side the existence of isomorphisms hu : S\ii —> It x C™ is guaranteed by the fact that 
the underlying complex vector bundle —> X is locally trivial, from the other side is not generally 
possible to choose the hn in such a way that hn o (1)||^ o - IduxC“- As an example the reader 
can just consider the complex product line bundle x C —> endowed with the endomorphism 

d5n(0, v) = (0,e'”^v) for all (6, v) £ S* x C. Since the structure group 1[J(1) is commutative there is 
no way to change globally, or just locally, the endomorphism 0„ in the identity map. Nevertheless, 
a closer look to the structure of a ;y-bundle (S, d)) shows that O can be locally identified wifh maps 
(pu - U ^ V{m) through the assignment hu°^\u°hi^ = Idux^u- This observation allows us to affirm 
fhaf chiral vector bundles are locally trivial in a weak sense, meaning that each ;t'-bundle admits local 
isomorphisms of the type ((^lu^d’lu) ~ Clf x C'”,Idu x tpu) which provide a local “twisted” product 
structure. ◄ 


The notion of homotopy is an extremely important ingredient of the theory of complex vector bun¬ 
dle. Just as a reminder let us recall that if tt : S —> X is a vector bundle and tfi : Y —> X is a map then 
we can construct a complex vector bundle ip*S ^ Y called the pullback of S over Y via cp. The fibers 
of ip*S are explicifly described by lIHul Chapter 2, Section 5] 

(p*S\y := [(y,p) €YxS \ ip(y) = n{p)\ ^ S\^(^y) , Vy £ T . (2.4) 

When (fi\,ip 2 '■ Y —> X are homotopic maps (and Y is paracompact) the pullbacks ip*^S and turn 
out to be isomorphic in the category of complex vector bundles over Y lIHul Chapter 3, Theorem 4.7]. 
One of the major consequences of this result is that one can reinterpret the notion of isomorphism 
between complex vector bundles in terms of homotopy equivalences. More precisely one has that 
—> X and S 2 ^ X art isomorphic as complex vector bundles if and only if there is a vector bundle 
§ —> X X [0,1] such that S\xx{ 0 } (resp. S\xx{i\) is isomorphic to Si (resp. S 2 ). From one side the 
isomorphism between S\xx{ 0 ] and S\xx{i\ BHul Chapter 3, Corollary 4.4] implies by transitivity the 
isomorphism between Si and S 2 . On the other side if Si and S 2 are isomorphic it is enough to consider 
S ■= SiX [0,1] as a vector bundle over X x [0,1] endowed with the natura projection. 
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Remark 2.2. There is a different homotopy characterization of the notion of isomorphism: Two com¬ 
plex vector bundles di —> X and ^2 ^ X turn out to be isomorphic (in the proper category) if and only 
if there exists a map tp ■. X ^ X such that p is homotopic to Idy and (f*S\ is isomorphic to ^ 2 - This 
claim is ultimately a consequence of the fact that IdJ(f ^ § lIHul Chapter 2, Proposition 5.7]. ◄ 

Unfortunately, the situation is less simple in the context of chiral vector bundles. Of course, the 
notion of pullback is still well defined. Indeed if {S, d)) is a ;t'-bundle over X and (/? : T —> X is a map 
we can define the pullback ;^^-bundle d)) := {}p*8 over Y where the underlying complex 
vector bundle —> T is described fiberwise by (12.41) and the morphism (,f>*d) : is defined 

by 

<fi*0 : (y,p) I—> (y,d)(p)), V (y, p) e (p*S‘ . (2.5) 

Since d) is an automorphism of § the map ^*d) is an isomorphism on each fiber ip*S\y and this is 
enough to affirm that (/3*d) € kut{tp*S) lIHul Chapter 3, Theorem 2.5]. Let us now consider two 
homotopic maps '■ Y X {Y paracompact) and the related pullback ;y-bundles (/3*((f, d)) and 

ip* 2 {S,(^) over Y. Since ip\S' and are isomorphic as complex vector bundles there exists a map 
f ■. (f*S’ —> which restricts to a linear isomorphism fy on each pair of fibers, i. e. 

~ 9*i^\y - 92^\y - > V y £ T . 

Let iy,p) £ p\S\y and f(y,p) = (y,fyip)) the corresponding point in ip 2 S\y (with an abuse of notation, 
we are identifying fy with the linear isomorphism fy : <§\ipi(y) —> <^\tp 2 {yi)- X straightforward calculation 
shows that 

/o^*d) : {y,p) (y,/y(d)(p))), v>* 2 ^of ■ (y,p) = {y,^{fy{p))) ■ 

Thus, the condition / o (/3*d) = (/3*d) o / for a;y-bundle isomorphism between d)) and d)) in 
the sense of (12.21) necessitates that validity of 

fy ° ‘I’la.u) = ° /r’ (2-6) 

The set of equations (12.61) represents the obstruction for a homotopy between ;t'-bundles to be an iso¬ 
morphism. 

Example 2.3. Let (S' x C, d)„) be the;t'-line bundle considered in Remark |2T] Given a map cp : 
s' — > s' one has that (/j*(S' x C) is isomorphic to S' x C as complex vector bundles. However, the 
pullback automorphism p*0„ acts on each point {G, v) £ S' x C as p*0„{6, v) = {G,e,^”XS'’y). jf 

^ 1 , (/J 2 : s' —> s' are two distinct maps one has that and p* 2 ^n cannot be related by the equation 
(12.61) . even in the case one assumes p\ and p 2 homotopic. This is just because the underlying structure 
group 1[J(1) is commutative. On the other side it seems natural to believe that all the relevant topology 
of the ;t^-line bundle (S' x C, d)„) has to be contained in the map 6 i-> e'”®, which is topologically 
characterized by its winding number n. In the case the map p is homotopic to the identity map Idgi 
one has that also 9 i-^ is completely specified by the winding number n. Then, the two;y-line 

bundle (S' x C, d)„) and (,f>*(S' x C, d)„) should be considered “topologically equivalent” even though 
they are not isomorphic in the strong sense of diagram (12.21) . ◄ 

Example 12.31 suggests that it is necessary to relax the notion of equivalence of ;t^-bundles in (12.31) in 
order to have a classification theory which is preserved under homotopy equivalences. 

Definition 2.4 (Equivalence of chiral vector bundles). Let and (S 2 , 02 ) be two rank m chiral 

vector bundles over the same base space X. We say that and {S 2 , 02 ) are equivalent, and we 

write (<^i, fill) ~ {S 2 , <1>2). if and only if there is a rank m chiral vector bundle {S, fi)) over X X [0,1] 
such that 

« ((^|xx{ 0 bfi’lxxioi) tind {S’ 2 ,^ 2 ) ~ ('^Ixxii),‘h|xx{i|) 
where » stands for the isomorphism relation between ^-bundles established by the diagram (12.21) . 
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From Definition 12.41 one immediately deduces that ~ is an equivalence relation on the set of chiral 
vector bundles. This differs from the isomorphism relation « and, in particular, it turns out to be 
weaker. Indeed, just by choosing S’ = S’l x [0,1] and d) = Oi x Id[oj], one can verify that (Si,Oi) « 
(Sz, <1>2) implies ((fi, Oi) ~ (Sz, <1>2). The set of equivalence classes of rank ni;t'-bundles with respect 
to ~ will be denoted by 

Vec™(X) jrank m chiral vector bundles over x| ^ ~ . (2.7) 

We will show in the rest of this work that 'Vec'"(X) admits a homotopic classification which can be 
characterized in term of proper characteristic classes, at least in low dimension. 

Example 2.5. Let us consider two ;t'-line bundles (S’xC,0,), / = 1,2, defined by 0,(0, v) = (0,e‘'^'^V) 
with 01,02 : > El(l) two continuous maps. As showed in Example 12.31 the equality 0i = 02 is a 

necessary and sufficient condition for the isomorphism (in the strong sense of diagram (12.21) 1 between 
the two;t^-line bundles. On the other side the equivalence relation of Definition 12.41 is less restrictive 
and requires only the homotopy equivalence between the maps 0i and 02. Indeed, let us assume the 
existence of a homotopy 0 : S’ x [0,1] ^ 1F(1) such that 0(0,0) = 0i(0) and 0(0,1) = 02(0) for 
all 0 £ s’. Then one can check that (S’ x C, Oi) ~ (S’ x C, O 2 ) just by looking at the;y-line bundle 
(S’x[0, l]xC, d)) over the base space s’ x[0,1] defined by the automorphism d)(0, f, v) = (0, 1, e*^*^®’'V). 
Summarizing, one has that 

^^(S‘) ^ Map(S’,U(l)) , Vecj,(S’) 7ri(S’) ^ Z, Vec^(S’) 7ri(CP“) ^ 0 

and this clearly indicates that the equivalence relation ~ introduced in Definition l2.4l provides a proper 
structure for a topological classification of chiral vector bundles. Conversely, the notion of strong iso¬ 
morphism given by (12.21) results too strong (it distinguishes too much) while the notion of isomorphism 
in the complex category is too week (it does not distinguish anything). ◄ 

The following result extends the homotopy property of complex vector bundle lIHul Chapter 3, The¬ 
orem 4.7] to the class of chiral vector bundles, the right notion of equivalence being the one introduced 
in Definition 12.41 

Proposition 2.6 (Homotopy property). Let (S, d)) be a rank m chiral vector bundle over the base space 
X and (f\,ipz '■ F —> A two homotopic maps (Y is assumed to be paracompact). Then <p*^{S\,^\) ~ 
<p*^Sz, d) 2 ) as chiral vector bundles over Y. 

Proof. Let 0 : T x [0,1] —> A be the homotopy between (fi and tpz such that 0(y,0) = Ttky) and 
0(y, 1) = ^ 2 (j)forally e Y. Consider the vector bundle n-' : S' —> Tx[0,1] with fibers ^■'“’(y, f) = (p*S 
where we used the short notation 0, := 0(-, t) for t £ [0,1]. Each point in S' is identified by a triplet 
(y,t,p) such that n'(y,t,p) = (y,t) and p £ (y)- We can endow S' with a chiral structure d)' 

as follows: d)'{y,t,p) = (y,f,d)(p)). This is enough to show that (0"|xx|oi>®lxx| 0 )) ~ and 

(<^lxx{ii> d^lxxui) ~ " 

3. Homotopy classification for chiral vector bundles 

The celebrated Brown’s representability theorem EB, EH Theorem 4E.1] may ensure abstractly 
(upon to a verification of few structural axioms) the existence of a classifying space for chiral 
vector bundles of rank m in the sense that 

Vec;;'(A) - [a,BJ] (3.1) 

where on the left-hand side there is the set of equivalence classes of ;t^-bundles in the sense of (12.71) 
while on the right-hand side there is the set of homotopy classes of maps of the base space A into M'”. 
The aim of this section is to provide a concrete geometric model for B™. 
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3.1. Geometric model for the classifying space. For each pair of integers 1 < m < n we introduce 
the Grassmann manifold 

Gm(C’) ^ U(n)/(lU(ni) X TLJ(n - m)) 

of m-dimensional (complex) subspaces of C”. Here ILJ(n) indicates the unitary group acting on C”. 
Each G„,(C”) can be endowed with the structure of a finite CW-complex, making it into a closed 
(i. e. compact without boundary) manifold of (real) dimension 2m(n - m). The inclusions C” c c 
... given by V i-> (v, 0) yield inclusions Gm(C") c c ... and one can equip 

00 

G^{C-) := U G^iC^) , 

n=m 

with the direct limit topology. The resulting space has the structure of an infinite CW-complex which 
is, in particular, paracompact and path-connected. The inclusions C" c c ... also yield inclusions 
lLJ(?i) c lLJ(?i -t 1) c ... and the space 

CO 

ILJ(oo) := V{n) , 

n=l 

endowed with the direct limit topology, is sometimes called Palais unitary group llPal . Elements in 
11 ( 00 ) can be interpreted as infinite unitary matrices whose entries differ from fhe identity matrix in 
only finitely many places. A classical result by R. Bott states that 7 r^:(l[J(oo)) = 0 if k is even and 
7ri:(lIJ(oo)) = Z if k is odd (cf. Appendix lAb. 

Eet us introduce the following family of sets parametrized by 1 < m < n: 

XUC") ■- ((S, u) £ G„,(C”) X U(«) I u{^) - e) . (3.2) 

Each element in is a pair (E, u) given by a subspace E c C” of complex dimension m and a 

unitary matrix u e l[J(n) which preserves E. The inclusions C" c c ... also yield the obvious 
inclusions ;i^,„(C”) czxmi^'^^^) c ... and this suggests the following 

Definition 3.1 (Classifying space for ;^f-bundles). For each pair of integers 1 < ni < n let Xmif^") be 
the space given by The space 

CO 

B™ - U ’ 

n=m 

equipped with the direct limit topology, will be called the classifying space/or chiral vector bundles. 

In order to justify this name we need to prove that this space Bj^ really provides a model for the 
realization of the isomorphism (13.11) . 

3.2. The chiral universal vector bundle. Each manifold G„j(C”) is the base space of a canonical rank 

m complex vector bundle —> Gm(C”) with total space given by all pairs (E, v) with E e G„,(C”) 

and V a vector in E. The bundle projection is defined by the natural restriction (E, v) E. Now, when n 
tends to infinity, the same construction leads to the tautological m-plane bundle —> Gm(C°°). This 

vector bundle is the universal object which classifies complex vector bundles in the sense that any rank 
m complex vector bundle S ^ X can be realized, up to isomorphisms, as the pullback of STff with 
respect to a classifying map ^ : X —> G,niC°°), that is S’ ^ (p* .ST,f". Since pullbacks of homotopic maps 
yield isomorphic complex vector bundles (homotopy property), the classification of S only depends 
on the homotopy class of p. This leads to the fundamental result 

Vec™(X) - [X,G„,(C“)] (3.3) 

where in the right-hand side there is the set of the equivalence classes of homotopic maps of X into 
G,„(C“) iAtlMslIHa. 
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Based on the definition (13.21) one can consider the composition 

X,n{C") X Vin) ^ GmiC") (3.4) 

where i is the inclusion given hy ^ Gm(C”) x U(n) and pri is the first factor projection. The 

pullback := (pri o i)*^” defines a rank m vector bundle over;^^,„(C”) fhaf can be endowed wifh 
a nafural aufomoiphism which can be easily consfrucfed afler a close inspection to fhe sfrucfure of fhe 
fofal space 

: - {((S, u), (I, V)) exrniC") x | uiX) = 2, v £ z) 

, ^ \ (3.5) 

^ j(Z, u, v) £ G,„(C”) X l[J(n) X C” | m(Z) - Z, v £ z| 

of fhe vector bundle n : ;y,„(C”). The second represenfafion provides fwo imporfanf in- 

formalion: firsf of all fhe bundle projecfion tt can be equivalenfly described as k(L, u , v) = (Z,«); 
second fhe vector bundle is idenfifiable wifh a vector subbundle of fhe producf vecfor bundle 
{GmiC") X 1[J(«)) X C™. On Ibis producf bundle, fhe usual acfion of V{n) on C” defines fhe automor¬ 
phism 

O;; : (Z, u, v) (Z, n, u • v) , V (Z, u, v) £ (g^(C”) x l[J(n)) x C" . (3.6) 

By consfrucfion fhis automorphism preserves fhe fibers of Hence, wifh a slighf abuse of nofafion, 
equation (13.61) defines an elemenf Ojj, £ 

Under fhe inclusions C” c c ... given by v i-> (v, 0) one has fhe related inclusions c 
c ... which are compafible wifh fhe bundle projecfions and fhe automorphisms d),”. The nafural 
generalizafion of fhe idea of a universal vecfor bundle for ;t^-bundles can be described as follows: 

Definition 3.2 (Universal ;k^-bundle). For each pair of integers 1 m n let n \ —> Xm{^'‘) be 

the rank m complex vector bundle (13.51) endowed with the automorphism d)Jj, £ Aul(^,^”) defined by 
(IT6]) . The space 

CO 

I I 

n=m 

equipped with the direct limit topology, provides the total space for a rank m complex vector bundle 
n : —> B™ over the classifying space introduced in Definition \3.1\ Moreover, the map <1)“ defined 

x£r" = provides an automorphism £ Auf( The pair (0“) has the structure 

of a rank m chiral vector bundle and it will be called the universal x-bundle. 

Notice fhaf B™ is a subspace of Gm(C°°) x lU(oo) and can be idenlified as fhe pullback of fhe 
universal bundle ,3^ for complex vecfor bundles under fhe mappings 

b;" ^ G,„(C“) X V{oc) ^ G,„(C“) . (3.7) 

3.3. The homotopy classification. The main aim of this section is the proof of the following result: 

Theorem 3.3. Let X be a compact Hausdorff space. Every rank m chiral vector bundle (S', d)) over 
X admits a map if : X ^ B™ such that (S', d)) is isomorphic ( in the sense of the relation w given in 
diagram (12.21) ) to the pullback ip*( , d)“) (ip* , ^*d)“) of the universal x-bundle. 

Before proving this result, we first present the main consequence of Theorem 13. 3 1 

Corollary 3.4 (Homotopy classification). Let X be a compact Hausdorff space. Then there is a natural 
bijection 

Vec™(X) - [X,B'^] 

where on the left-hand side there is the set of equivalence classes of x-bundles in the sense of dO) 
while on the right-hand side there is the set of homotopy classes of maps of the base space X into the 
classifying space B^ described in Definition \3.1\ 
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Proof. Proposition 12.61 savs that the map k : [X, B™] —> Vec™(X) which associates to each homotopy 
class \(p\ the equivalence class [(/>*( <!)“)] of ;^f-bundles is well-defined and Theorem [33] implies 

that K is surjective. The injectivity of a- is a consequence of Definition 12.41 for the equivalence of x- 
bundles. Let {S’i, O,) 0“), i - 1,2 be two;y-bundles obtained by pullbacking with respect 

to the maps 9 ?; : X —> and assume that ~ (S 2 ,*^ 2 )- This implies the existence of a;y- 

bundle over X x [ 0 , 1 ] such that « ((^|xx| 0 i, d>lxx| 0 |) and (S'!, <^ 2 ) « ('^Ixxui’^Ixxiu)- 

Theorem l3.3l assures that (S’, O) can be identified, up fo an isomorphism, wifh <I)“) for some 

map ^ : X X [0,1] ^ B^T The isomorphisms 0“) « and 0“) « 

and fhe definfion of pullback imply fhaf (p\ = (po := ^(-,0) and (p 2 - := 1 )> 

namely (p is an homofopy befween (p\ and (p 2 - Hence, and ip 2 define fhe same class in [X, B™] and k 
furns ouf fo be injective. ■ 


Proof of Theorem [Q] Lef X be compacf and Hausdorff and {S, O) a;t'-bundle over X. Then, fhere is a 
posifive integer n and a map i// : X G„j(C”) such fhat S” is isomorphic fo fhe vecfor bundle 

S (see e.g. BHul Chapter 3, Proposition 5.8]). Lef f : S’ ^ S' he such an isomorphism and consider 
fhe automorphism O' e kui{S') defined by O' := / o O o /“'. By consfrucfion 

S'\, := j(x, (S, V)) e X X STf \ ^(x) - I, v e s) - I . 

This shows fhat S' is a vector subbundle of the product bundle X x C" and one has the direct sum 
decomposition S’ © S" = X x C" for some complement vector bundle S" —> X. Let Id^" be the 
identity map on S" and consider the automorphism of X x C" induced by O' © Id^'/. This implies the 
existence of a map g \ X ^ \f{n) such that 

0'©ld^,. : (x,v) 1 -^ (x,g(x)-v), V(x,v) gXxC" . 

The image of the map (i/', g) : X —> Gm(C”) x TLJ(n) is contained in;y„,(C”) since \]j{x) - E - S'\x and 
g{x){S'\x) - S'\x for all x € X. Hence, the following map is well-defined: 

ip X ^ XmiC') 

X I—> (l/'(x), g(x)) . 


By consfrucfion 

U := {(^, (S, M, V)) e X X | ^(x) = I, g(x) - n, u{X) - E, v € l) - E (3.8) 

which proves fhe isomorphism ip* - S' of complex vector bundles. Moreover, 

ip*(f>’l^ : (x,(E,m,v)) I — > (x,0"„(E,m,v)) = (x, (E, n, n • v)) 

by definition, hence <,f>*OJjj agrees wifh O' under fhe isomorphism (13.81) . Therefore, (,f>*(^J^, OJ],) w 
{S, O). To conclude fhe proof if is enough to recall fhaf B™ is defined as fhe direcf limif ofxmi^^)- ■ 


Remark 3.5. The condition of compacfness in fhe sfafemenf of Theorem 13.31 and consequenfly also 
in Corollary 13.41 can be relaxed by requiring only paracompactness. In Ibis case fhe proof follows 
along fhe same lines apart for fhe facl fhaf n has to be replaced by 00 as suggesfed in fhe analogous 
argumenf of BHul Chapter 3, Theorem 5.5]. However, we will nol need fhis kind of generalizafion in 
fhe following. ◄ 


4. Topology of the classifying space 

In fhis section we invesfigafe fhe topology of fhe classifying space B™ by compufing ifs homofopy 
and cohomology. These resulfs are sfrongly based on fhe facf fhaf B™ can be idenfify wifh fhe fofal 
space of a fibrafion 

U(m) ^ b; G,„(C“) (4.1) 

where fhe fiber projecfion n- = prj o ; is defined in (13.71 ). The proof of fhis technical buf imporfanf facf 
is posfponed in Appendix |Bj 
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4.1. Homotopy of the classifying space. We start with the case m = 1. In this situation we can use 
the identification 


^ CP“ X UCl) 

proved in Corollary IB.3l in order to compute the complete set of homotopy groups of Bj,. 

Proposition 4.1. 




Z k^l,2 

0 ^ G N U {0} , kt 1,2 . 


(4.2) 


Proof. The above identification leads to 

- 7r^(CP“) © 7rr.(lLJ(l)) . 

The proof is completed by 7 ri.(lU(l)) djtjZ and nk{CP°°) ^ HHatl Chapter 4, Example 4.50]. ■ 

The general case ni > 1 can be studied by considering the fiber sequence (14.11) which induces a long 
exacf sequence of homotopy groups 


... TTkiVQn)) —> 7ri(B"‘) ^ 7ri(G„,(C°°)) - 
Theorem 4.2. For all m e'N there are isomorphisms of groups 

'TTkiVim)) © 7Tk-i{V(m)) 




0 


7r<._i(lLJ(m)) ... 

keN 
k = 0 . 


(4.3) 


Proof The proof of fhe fiber sequence 14.11 is based on fhe idenfificalion of B™ wifh fhe fofal space 
Ad(.5^,“) of an adjoin! bundle (cf. Proposition IB. II) . Sections of fhe adjoin! bundle n : Ad(.5^“) ^ 
Gm(C°°) are in one-fo-one correspondence wifh aufomoiphisms of fhe principal l[J(m)-bundle ^ 
G,„(C°°) HHul Chapter 7, Secfion 1]. Therefore, fhe identify aufomorphism Id^” identifies a sec- 
fion 5 : G,n{C°°) —> Ad(.5^,“) ^ B™. The existence of fhis secfion induces a homomorphism 
s* : 7 r^(Gm(C“)) —> ^■^(Bj”) such fhaf tt* o s* = Idn-(,(G„,(C”))- It follows fhaf tt* is surjective so fhaf 
fhe long exacf sequence (14.31) splifs info several shorf exacf sequences 

0 ^ nkiVQn)) 7r,(Bp ;r,(G^(C“)) ^ 0 (4.4) 


which are still splitting. Hence, ^■^(B™) - nk(fJ{m))®nk{Gm{€.°°)) and fhe resulf follows by a compar¬ 
ison wifh (IA.5I) . Finally n'o(B™) = 0 is equivalenf fo fhe connectedness of B"h ■ 


A comparison wifh fhe values in Table A. 1 provides an explicif deferminafion of fhe low dimensional 
homofopy groups of B™: 


and 


7ri(Bp ^ 7r2(Bp ^ Z, VmGN 


^3(BP 


0 m - \ 

Z m^ 2 , 



m = 1 
m = 2 
m ^ 3 


The following resulf will be relevanf in fhe sequel. 

Proposition 4.3. The action ofni(B'”) on 7r^(B^) is trivial for all k e N. In particular one has the 
isomorphisms 

7ri(Bp - [S^B™] , k€M 

which allow to neglect the role of base points in the computation of the homotopy groups. 
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Proof. The split exact sequence ( 14 . 41 ) suggests that the action of 7ri(B™) - T:\{V{m)) © 0 on - 

7 ri(l[J(ni)) © TTifGmiC^)) reduces just to the action of tti (ILJ(ni)) on nkitS{m)). The latter is trivial due to 
Lemma lAdl The last part of the claim is a consequence of the general isomorphism 

[S^X] TTkiXynfX), keM 

which is valid for any path-connected space X BBTl Proposition 17.6.1]. ■ 


4.2. Cohomology of the classifying space. By construction B"‘ is a subset of G,„(C°°) x l[J(oo) with 
an inclusion map i as in (13.71) . We also know from (14.11) that B™ is identifiable with the total space 
of a fiber bundle over G„j(C“) wifh bundle map n and fiber V{m). Moreover, fhe inclusion i and fhe 
projecfion n are compafible as shown by fhe following commufafive diagram 



G„(C“) X 


pr2 


l[J(oo) 


(4.5) 


where pri and pr 2 are fhe firsf and second componenf projecfion, respectively (cf. Appendix [B]). These 
facfs are basic for fhe proof of fhe nexf result. 


Theorem 4.4. For a// m c N the cohomology ring of the classifying space B"* 


//•(B;,Z) - (Z[c},...,c^]) ®z (Az , 


j C^£//2^(BJ,Z) 


(4.6) 


is the tensor product of an integer coefficient polynomial ring in m even-degree free generators 
and an exterior algebra generated by m odd-degree classes ro^. The even-degree generators := 
(pri o i)* are the pullbacks of the universal Chern classes which generate the cohomology ring 
^*(Gm(C“),Z). Similarly, the odd-degree generators xo^ := (pr 2 o i)*u)^ are the pullbacks of the 
universal odd Chern classes Wk which generate //*(l[J(oo),Z) (cf. Appendix^. 


Our proof of Theorem 14.41 requires the application of the Leray-Serre spectral sequences associated 
to the fibrations tt and prj. For more details on this technique we refer to IIDG31 Appendix D] and 
references therein. Since i is a fiber bundle map, we have also an induced map i* befween fhe specfral 
sequences. For fhe £ 2 -pages of fhese specfral sequences fhis map reads 

£^’^(pri)= HP(Gn.{C°),H‘‘{V{oo),7)) ^ //^(G^(C“),Z) ®z H\V{oo),7) 

(4.7) 

E^^\n) = HP(G,n{C°),H‘>{V{m),’L)) ^ HP{G,n{fr),7.) ®z H‘>{V{m),’L) . 

The lasf fwo isomorphisms are a consequence of 7ri(Gm(C°°)) = 0 along wifh fhe facf fhaf fhe groups 
//^(l[J(m),Z) are free (also for m = 00 ). This implies fhaf fhe effecf of any local sysfem of coefficienfs 
on fhe cohomology can be factorized wifh a tensor producf (see e. g. lIDKl Section 5.2]). For proving 
Theorem 14. 4 1 we need to anticipate a technical result. 

Lemma 4.5. For all p,q e'HC {0} the map i* : ^^’^(pri) — > is surjective. 

Proof. It is enough to show that at each point E £ Gm(C°°) the fiberwise restriction 

: B“|z - V{m) —> (E) x l[J(oo) l[J(oo) 

induces a surjection i|* from H*{V{oo),Z) onto H*{V{m),Z) (see e. g. BFFGl Section 21]). From its 
very definition it is clear that agrees with the standard inclusion V{m) llJ(oo), hence its pullback 
induces the surjection in cohomology. The later is determined in terms of generators by the relations 
2 lz(tot:) - vojc if k - I,... ,m and i|^(tDi:) = 0 for k > ni (cf. Appendix lAb. ■ 
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Proof of Theorem |4~4] Since prj : x lU(oo) ^ G,„(C°°) is a product bundle the associated 

spectral sequence degenerates at the ^ 2 -page, i. e. all the differentials 6r are trivial for r ^ 2. This 
implies that = E^’‘^(pr^) = ... = E^‘^{pr^). By Lemma 1431 the maps i* : E^'^ipr^) —> 

E^'^in) are surjective. In particular all the non-trivial generators 0 voj e come from the 

related generators c^. ® xoj in Hence, the triviality of the differentials dr : Sf’^Cprj) ^ 

^p+r, 9 -r+i^p^^^ implies the triviality of the differentials dr : E^'‘^{n) Because of that, 

one gets E^‘^{n) - E^^{t:). In order to recover the cohomology of from E^‘^{n) one has to solve 
the extension problems. However, in the present case all the abelian groups E^‘‘{n) are free, so that all 
the extensions are split. As a result, one has the following isomorphism of abelian groups: 

//^(B™,Z) - 0£S^(7r) - H\Gm{C°)xV{m),7). 

p+q=k 

where the last isomorphism is a consequence of the Kunneth formula for cohomology. This isomor¬ 
phism gives rise to a ring isomorphism. Indeed, as a consequence of Lemma 1431 we can infer that the 
ring map 

i* : //*(g,„(C“)xU(oo),z) ^ //*(B“,Z) 

is surjective and acts on the generators of EI*{Gm{C°°) x l[J(oo),Z) as follows: T(c^) = c^. and i*{vok) - 
vok for all ^ = \,... ,m and i*{vo]f) = 0 for ^ > m. ■ 

Remark 4.6 (The winding number). Let us give a closer look at the generator rtr^ of //^(B™,Z) ^ Z. 
We recall that the first integral cohomology group of a space X has the realization H^{X, Z) - [X, 11(1)]. 
This fact is discussed in BHatl Section 3.1, Exercise 13] but the reader can also prove it by applying the 
technique described in Section [54l Due to Theorem |4j4] we know that the generator is the pullback 
with respect to the map pr 2 o i of the first universal odd Chern classes roi which generates //^(l[J(oo), Z) 
(cf. Appendix lAl). This generator is identifiable wifh fhe class [del] € [lU(oo), 1[J(1)] associated lo Ihe 
“limif” deferminanf map del : l[J(oo) —> 11(1). Thus the composition 

det o pr 2 o I : B"® —> B(l) 

(S, u) I—> det(M) 

provides a representative for the generator [det o pr 2 o q g [B“,1[J(1)] //*(B™,Z). Finally, the 

winding number of this map provides the identification with Z. ◄ 

5. Classification of chiral vector bundles 

In this section we will combine the knowledge of the topology of the classifying space B™ developed 
in SectionHjwith the criterion of the homotopy classification proved in Corollary 13.41 in order to define 
the appropriate family of characteristic classes that classify chiral vector bundles. In effect, we will 
show that these classes provide a suitable classification scheme in the case that the base space X is a 
CW-complex of low dimension d 4. The special cases of X = S'^ and X = T'^ will be discussed in 
detail. 

5.1. Characteristic classes. Usually one uses the cohomology of the classifying space of a given 
category of vector (or principal) bundles to define fhe associafed characferisfic classes by pullback 
wifh respecf lo fhe classifying maps. We apply fhe same sfrafegy here fo define fhe characferisfic 
classes for chiral vecfor bundles. 

Definition 5.1 (Chiral characteristic classes). Let {S, O) be a rank m chiral vector bundle over X and 
^ : X —> B™ a representative for the classifying map which classifies [{S', d))]. We define the k-th even 
chiral class of {S, O) to be 

Ck{S,4>) := e H^\X,Z), 


k = I,... ,m . 
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In much the same way, we refer to 

Wk{S,Q>) := ^p*yxf^ £ , k^l,...,m. 

as the k-th odd chiral class of {S’, O). 


Proposition 5.2. The even chiral classes Ck{S, O) of the chiral vector bundle {S, d)) coincide with the 
Chern classes CffS) of the underlying complex vector bundle S. 

Proof As is shown in the proof of Theorem 13.31 if the chiral vector bundle {S, O) is classified by a 
map (fi \ X ^ B™, then the map if : X ^ GmiC'f (for some n big enough), given by if/ := (prj o i) o tp 
classifies S as complex vecfor bundle. Now, by fhe very definition of fhe chiral Chern class, Ck{E, O) = 
(p*cl ^ if/* Ck = Ck{E). ■ 


Remark 5.3 (Simplified nomenclafure). We can fake advanfage from fhe previous proposition fo sim¬ 
plify fhe nomenclafure concerning fhe characferisfic classes for chiral vecfor bundles. Indeed, fhe 
equalify Ck{S, O) = Ck{S) shows fhaf we can properly refer fo fhe even chiral classes simply as Chern 
classes. In fhis way we can reserve fhe name chiral classes only for fhe odd classes Wk{S, O). This 
choice of names presenfs fhe advanfage fo make clear fhaf fhe exfra fopological information induced 
on fhe vecfor bundle by a chiral sfrucfure d) is fofally encoded in fhe odd classes Wk(S’, d)). ◄ 

The chiral classes posses a kind of additive behavior induced by fhe composifion of aufomorphisms. 

Proposition 5.4. Let (S, d)i), (S, O 2 ) and {S, d)] o d) 2 ) be three chiral vector bundles which share the 
same underlying complex vector bundle S ^ X. Then, the related chiral classes obey 

Wk{S,<^i 0 (^ 2 ) - Wk{S',^\) + Wk{S,<^2)- (5.1) 

The above relations are completed by 

Wk{S,ldg) = 0. (5.2) 

Proof Lef ip\,ip 2 , T ^ ^ be fhe classifying maps for {S, d)i), {S, d) 2 ) and {S, d)i o d) 2 ) respec¬ 
tively. From fhe very definifion of fhe classifying maps one can verify fhaf (pr 2 o i) o ^ : X —> fU(oo) 
agrees wifh fhe poinfwise producf of fhe maps (pr 2 o i) o : X —> U(oo), / - 1,2. Therefore, one has 

Wk{S, d)i o d)2) = If* o (pr2 o ifwk = {(fWlT ° (pr2 ° 

= O (pr2 O i)*rDj; -I- ^2 °(pi'2 ^ Wk{S,<bi) + Wk{S,<L>2) . 

Finally, we can classify {S,\ds) by a map ip : X ^ such fhaf (pr 2 o i) o ^ = 1 . This immediafely 
leads fo (15.21) . ■ 

5.2. The Picard group of chiral line bundles. Given fwo rank m chiral vecfor bundles {S\,<^f), 
{S 2 , d) 2 ) over X we can define fheir fensor producf (tf), d)]) ® (^ 2 , (^ 2 ) ■- (^1 < 8 >S 2 , d)i i 8 >d) 2 ) as fhe rank 
m^ chiral vecfor bundle wifh underlying complex vecfor bundle tt : Si (S S 2 X given by fhe fensor 
producf of TTi : —> X and 7:2 S 2 ^ X (in fhe sense of lIHui Chapfer 6 , Secfion 6 ]) and aufomorphism 
d)i ® d )2 £ Auf((f’i ig) S2) defined by d)i ® d>2{pi ® P2) '■= d>\{p\) ® ^2{P2) for all pi £ Si and p2 £ S2 
such fhaf 7ri(pi) = 712 (^ 2 )- Jusf by considering fensor producf homofopies of chiral vecfor bundles one 
can easily show fhaf fhe operafion ® is compafible wifh fhe notion of equivalence in Definifion 12.41 In 
parficular, one has fhaf 

® : Vec|(X) X Vec].(X) ^ Vec^(X) 

endows Vecj,(X) wifh an abelian group sfrucfure. According fo a sfandard ferminology, we refer fo 
Vecj,(X) as fhe chiral Picard group. 

Proposition 5.5 (Classificafion of chiral line bundles). There is a group isomorphism 

(wi,ci) : Vec^(X) ^ H\X,Z) © H^{X,Z) 
induced by the first chiral class wi and the first Chern class Ci. 
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Proof. As a consequence of the identification (14.21) one has 

Vec^(A) - [A,B^] - KU(1)] x [A,CP“] ■ 

By combining Remark 14.61 and Proposition 15.41 one can show that wi sets the group isomorphism 
[X, 1[J(1)] The proof is completed by recalling the well-known group isomorphism 

[X, CP“] ^ VeCp(X) - H^{X, Z) induced by ci (cf. BDGll Section 3.2] and references therein). ■ 

When we apply the above result to spheres of dimension d we get the following isomorphisms 

wi :Vec^(Si) ^ H\S\Z) ^ Z 

Cl :Vec^(S^) ^ ^ Z (5.3) 

Vec^(S^) ^0 if d>3 . 

Instead, for tori of dimension d one has the isomorphisms 

(wi,ci) : Vec],(r^) ^ Z^ © . 

where we used H^(T‘^,Z) - z(*). 

5.3. Chiral vector bundles over spheres. The classification of chiral vector bundles over spheres 
(cf. Theorem 11.31) is a direct consequence of the homotopy classification described in Corollary 13.41 
combined with Proposition l4.3l and Theorem 14.21 

In the case of low-dimensional spheres the classification can be described in terms of characteristic 
classes by the following bijections 

wi :Vec™(Si) ^ H\S\Z) ^ Z 

Cl :Vec“(S2) ^ f/^(S^Z) ^ Z (5.4) 

W 2 : Vec™(S^) ^ h\s\z) ^ Z (m > 1) . 

When d = I one has n'i(B™) - n'i(lU(ni)) ^ n'i(l[J(l)) f/'(S^ Z) where the last isomorphism has been 

discussed in Remark 1431 Similarly, for d = 3 one has 7 r 3 (B™) - - 7 r 3 (Sl[J( 2 )) - 7 r 3 (S^) 

H^(S^,Z) where we used the standard identification between 811(2) and and the last isomorphism 
can be understood in terms of the Brouwer’s degree BDGll Remark 5.8]. In the even case d - 2 one 
has 7 r 2 (B™) - 7 r 2 (Gm(C“)) ^ [$^,Gm(C“)] ^ VeCp(S^) ^ f/^(S^,Z) where the last isomorphism is 
given, as usual, by the first Chern class ci. 

The case d = 4 is more involved and hence interesting. A direct computation shows that 
. f Z 2 © Z if m = 2 

Vec"XS") - n^iVim)) © 7r4(G™(C“)) - -f ^ (5-5) 

( Z if ni ^ 3 

where the Z summand is given by 7 r 4 (Gm(C°°)) [S^,G,„(C°°] VeCp(S^) ^ f/^(S^,Z) - Z (if 

m > 1) and is described by the second Chern class C 2 . The Z 2 summand is given by the unstable 
group n' 4 (l[J( 2 )) - 714 ( 811 ( 2 )) - Z 2 (cf. Table A.l) which is non-trivial only when m = 2. This 
torsion summand is not accessible by the “primary” characteristic classes. One way to understand this 
invariant is to look at the map / : which generates 714 ( 8 ^) ^ 714 ( 8111 ( 2 )). This map agrees 

with the (reduced or unreduced) suspension of the Hopf’s map /i : which generates 713 ( 8 ^). 

An explicit realization of / is given by 

f{kQ,ki,k2,k^,kf) ■.= - -pr\kQ,kYk2-k2kA,kik^+k2k^,— -- - 

I+kl[ 2 

for all (ko, ^ 1 , ^ 2 , ^ 3 , ^ 4 ) e which fulfill the constraint - 1. One can check that when 

ko = 0 the map / restricts exactly to the Hopf’s map. A differential geometric approach to the study 
of 714 ( 811 ( 2 )) ^ Z 2 is discussed in the final part of BWilB (see also BKol 8 ection 1.4]). Given a map 
/ : 8 "* —> 811(2) and the standard inclusion j : 811(2) 80(3) one can consider the composition 
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7 o / : ^ S1U(3). Since 7 r 4 (Sl[J( 3 )) = 0 there exists a map f : —> STU(3) defined on the unit 

ball c such that f = ] ° f- In BWilll E. Witten showed that the integral (a pure gauge 
Chern-Simons form) 


CSsif) 


i 

240n-3 



depends only on the homotopy class [/] G 714(8 lU(2)) modulo Z. Moreover, the homotopy invariant 
e(/) := c {± 1 } takes the value -1 when / is a representative for the non-trivial element of 

714 ( 811 ( 2 )). See also MKol Proposition 1.11] for more details. 


5.4. Chiral vector bundles in low dimension. We proved in Section |4~T] that 7ro(B"‘) = 0 and 
7ri(B"*) ^ Z acts trivially on each 7r;t(B^), k ^ \. Moreover, B™ has a CW-complex structure. All 
these facts imply that B™ is a simple space, a fact which assures that B"® admits a Postnikov tower 
of principal fibrations IIHatl Theorem 4.69] (see also BArll Section 7] or BArkl Chapter 7]). More pre¬ 
cisely this means that there exists a sequence of spaces HE'J along with maps aj : B™ ^ and 
Pj+\ : =^^1 —> such that the diagram 



is commutative, i. e. py+i o aj+\ = aj for all 7 > 1. The maps pj and define (principal) fibralion 
sequences 

Klnpj) ^ ^ ^( 7 ry, 7 +l) (5.7) 

where fhe symbols K{nu n) denofe fhe Eilenberg-MacLane spaces associafed fo B'". In particular 

J X J 

usually called 7 -fh Postnikov section, furns ouf fo be (up fo weak homofopy equivalence) fhe homotopy 
fiber of fhe map . We recall fhaf K{T:j, n) is a connecfed space (wifh a uniquely specified homofopy 
fype) defined by fhe following property BHafl Secfion 4.2] 


nk{K{nj, n)) 


7r7(B-) 

0 


ifk-n 
ifk t n . 


Moreover, one has fhe isomorphisms BHafl Theorem 4.57] 


[X,K{Kj,n)] - (5.8) 

given by [/] i-> f*{^) wifh ^ € PI''{K{nj,n),nj(B’^)) being fhe basic ox fundamental class HArkl 
Definition 5.3.1]. In our particular case we can chose A'( 7 ri, 1) = The map a/ : B™ —> is a 

(7 -I- \)-equivalence in fhe sense fhaf if induces isomorphisms ~ nk{Pd’J) for all k < 7 and one 

has fhaf = 0 for all k > 7 . Said differenfly, fhe “auxiliary” spaces (which still have fhe 

homofopy fype of CW-complexes) approximafe fhe sysfem of homofopy groups of B™ up fo fhe level 
7 . The collection of maps a j induces a weak homotopy equivalence befween B’" and fhe inverse limif 
generafed by fhe auxiliary spaces (fhe inverse limif generally will nof have fhe homofopy fype 
of a CW-complex). The ‘Vinvarianfs” e fB'”)) are fo be regarded as cohomology 

classes. These classes fogefher wifh fhe homofopy groups 7 rj-(B"*) specify fhe weak homofopy fype 
of B"*. In particular = 0 as cohomological class means fhaf is homofopic fo fhe consfanf 
map in fhe fibrafion sequences (15.71) and, in fhis case, one has fhaf fhe induced fibrafion pj is frivial, 
i. e. ^ , X K{7:j, j) (for more defails see BArll Eemma 7.3]). 

The imporfance of fhe Posfnikov tower for fhe classification of chiral vecfor bundles lies in fhe 
following general resulf. 
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Proposition 5.6. Let X be as in Assumption U .2\ and assume that the maximal dimension of its cells is 
d. Then 

Vec"X^) - 

Proof. The proof of the claim is just a combination of the homotopy classification for chiral vector 
bundles provided by Corollary 13.41 with the classical result lUTl Lemma 4.1]. ■ 

The concrete utility of Proposition l5.6l is related to the ability to compute the auxiliary spaces a 
problem which usually is of difficult solution. However, if one restricts the interest to low dimensions 
a rigorous computation becomes reasonably doable. 

Proposition 5.7 (Classification in low dimension). Let X be as in AssumDtion \L2\ and assume that the 
maximal dimension of its cells is d. 

(i) If I <: d 3, there are bijections of sets 

d 

Vec™(X) ^ 0//'(X,Z), m>2 (5.9) 

y=i 

induced by the characteristic classes wi,ci,W 2 up to the suitable dimension. 

(ii) If d = 4, there are bijections of sets 

4 

Vec^(X) ^ ^NfX,Z) , m>3 (5.10) 

2=1 

induced by the characteristic classes wi,ci,W 2 ,C 2 . 

Proof. We know that - K{n\, 1) = S' and from Proposition 15.61 and the isomorphism [WS'j 
H^(X,Z) (see eq. (15.81) or Remark l4~6l) we can conclude the proof of (15.91) for the case d = 1. In 
particular, as aconsequence of Lemma lA.3l and Remark FA.dl we know that the basic class of//'(S',Z), 
which determines the isomorphism (15.81) . can be identified wifh fhe generator roi of //*(l[J(oo),Z) and 
consequenfly wifh fhe firsf chiral generafor of //*(B™,Z) according to Theorem 14.41 

The sfudy of fhe case d = 2 in Proposifion l5.6l needs fhe compulation of fhe Poslnikov secfion 
Equation (15.71) says fhal iMlf is fhe fofal space of a principal fibrafion over Ad'” = S' wifh fiber K{7:2, 2). 
Since 7r2(B™) - Z we can use fhe identification K{Z,2) = CP°°. Moreover, - 

//^(S',Z) = 0 implies fhe vanishing of fhe /c-invarianf - 0. This assures fhe frivialily of fhe fibrafion 
(15.71) . namely = S' x CP“. Af fhis poinf Proposition 15. 6 1 provides 

Vec’”{X) ^ [X,S'] X [X,CP“] H\X,Z) © H\X,Z) . 

and (he basic class in H^(K{Z, 2), Z) which induces (he isomorphism [X, K{Z, 2)] - H^{X, Z) as in 
(15.81) can be identified wifh (he firsf universal Chern class ci e Z) as discussed in Remark 

D 

The case d = 3 is more involved. The Poslnikov secfion is (he fofal space of (he fibrafion 

K{Z,3) Adi' A Adf - s' X CP“ (5.11) 

where we used 7r3(B™) ^ Z when m > 2. This secfion is defermined by (he invarianf e //^(S' x 
CP°°, Z) - H‘^{CP°°, Z) ~Z and we wanf to prove (haf = 0. From one hand we know (haf (he map 
q '3 : B™ —> Ad^^ is a 4-equivalence so (haf //^(B™, Z) - HfAd^, Z) for all y < 3 and a*^ : H^(Ad'^, Z) 
//^(B“, Z) is injective (cf. No(e[5]in Remark lA.41) . Our knowledge of (he cohomology of B™ implies 
(haf 

H\Adf,Z) ^ H^{Ad'^,Z) ^ Z, H\Ad'^,Z) ^ z} 

and H'^(Adf,Z) is a subgroup of Z^ wifh no forsion. On fhe olher hand we can compufe (his coho¬ 
mology by means of fhe Leray-Serre specfral sequence associafed wifh (he fibrafion (15.1 II ) (we refer 
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to IIDG31 Appendix D] and references therein for a summary about spectral sequences). The 2-page of 
this spectral sequence is given by 

EP’‘1 = . (5.12) 

As a consequence of ISB Theorem 16.9] one has that the group - 7ri(S*) ^ Z acts trivially on 

higher homotopy groups 

7r^(^^) 7Tk{S^) X nk{K{Z,2)) , k>l . 

This fact implies that the system of coefficients in (15.121) is constant and not local. In particular, by 
using that 3^2 is path-connected one obtains from (15.121) the following isomorphisms 

^ H‘‘{K{Z,3),Z) . (5.13) 

The explicit knowledge of the cohomology of K{Z, 3) (see e.g. BBT! Section 18]) 



k = 0 

k = 1 

k = 2 

k = 3 

k = 4 

k = 5 

k = 6 

k^l 

k = S 

H'^{K{Z, 3),Z) 

z 

0 

0 

Z 

0 

0 

Z 2 

0 

Z 3 


leads to the computation of showed in the following table: 


II 

0 

0 

0 

0 

0 

q = 3 

z 

z 

z 

z 

z 

q = 2 

0 

0 

0 

0 

0 

II 

0 

0 

0 

0 

0 

II 

0 

z 

z 

z 

z 

z 

pP,q 

33 

II 

0 

P-1 

p = 2 

p = 3 

p = 4 


Since the sequence is concentrate in the first quadrant (i. e. Ey'‘^ = 0 if p < 0 or ^ < 0) one obtains by 
a recursive application of the formula 


pp,q 

^r+\ ■ 


Ker(d, : E^’'^ 


~,p+r,q~r+l 


) 


Im(d. : Er™"-' ^ 


that E'/ - E^’ - and E*’ ~ E^’ - E^' . Moreover, one has that 


"2 “““ ^4 

£.0,3 
-^00 

7O.3 ... 170,3 


(5.14) 


Ker((54 : ^ 

and the isomorphisms E'^’^ ~ E'3^^ - H^{K{Z, 3),Z) and E^^’^ ~ E^^ ~ ,Z) allow to write 

^ Ker(d4 ://^(/!:(Z,3),Z) ^//^(CP“,Z)) . 


The map S 4 relates the basic class 102 £ H^{K{Z, 3), Z) with the invariant /r'* € H^(CP°°, Z) according 
to the formula 54 ( 102 ) - -k^ (cf. BArkl Remark 7.2.6 (4)] or UMPl Lemma 3.4.2]). The convergence of 
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the spectral sequence provides the following short exact sequence^ 

0 ^ E°J ^ 0 

0 ^ F^H^(^'’\Z) 0 

0 ^ F^H\3g'^,Z) F^H\m'^,Z) ^ ^ 0 . 

Since - ... - = 0 and similarly eI^ - ... - = 0 one gets that 

F^H\m'^,Z) ^ F^H\m'^,Z) ^ F^H\3g'^,Z). 

By observing that F^EI^{3S^, Z) - eI^, one ends up with the following short exact sequence 

0 ^ Elf* ^ H\m’;\Z) ^ Elf ^ 0. (5.15) 

Since we know that Z) - Z? and we can compute that Ef^ - ... - ~ - Z we can 

immediately conclude from the above exact sequence and c H^{K{Z,3),Z) - Z that E^f - Z 
which in turn implies that ^4 = 0 acts as the trivial map. Finally the vanishing of the Postnikov 
invariant = 0 assures that = S' x CP“ x K{Z, 3). Proposition l5.6l provides 

Vec^"(X) [X,Sf X [X,CP“] X [X,K{Z,3)] ^ H\X,Z) © H^{X,Z) © H^{X,Z) 

and the basic class in EI^{K{Z, 3), Z) which induces the isomorphism [X, K{Z, 3)] ^ H^{X, Z) described 
in (15.81) can be identified with the second generator u )2 £ H^(V{oo),Z), as discussed in Lemma IA3] 
and Remark lA.41 and consequently, with the second chiral generator ro^ of H*{M'^,Z) according to 
Theorem 14.41 

The next case d - A,m^ 3 can be discussed along the same lines as those of the previous case. The 
Postnikov section 3^'^ is the total space of the fibration 

K{ZA) ^4 A - s' X CP“ X K{Z,3) (5.16) 

where we used 7 r 4 (B™) ^ Z when m ^ 3. We point out that for m = 2 the group 7 r 4 (Bj) has a torsion 
part and (15.161) needs to be modified (see Section [531) . This section is determined by the invariant 

e xCP°° X K(Z,3),7.) ^ ( H^{CP°°, Z) ®z H^{K{Z, 3),Z) ) © ( //'(S',Z) ®z ■^'^(CP°°,Z) ) 

and we want to prove that = 0. Since the map a 4 : J3f —> is a 5-equivalence we can deduce 

from our knowledge of the cohomology of B™ that 

h\psi\z) ^ H^{m'f,z) ^ z, H^{m^,z) ^ z} h^{psi\z) ^ z ?. 

On the other hand we can compute this cohomology by means of the Leray-Serre spectral sequence 
associated with the fibration (15.161) . The 2-page of this spectral sequence is given by 

^ HP(^’^,m{K{ZA),'£)) (5.17) 

with constant system of coefficients since n\{P^’^) ~ 7 ri(S') Z acts trivially on higher homotopy 
groups 

^ ;ri(S') x nk{K{Z,2)) x nk{K(Z,3)) , k>l . 

In particular, since PSf is path-connected one obtains from (15.171) the following isomorphisms 

£' 2 ’'^ ^ H%K(ZA),Z) . (5.18) 

^For the precise derivation of the short exact sequences the reader can refer to IDG3I eq. D8] (and reference therein). 
Here we used the shorter notational convention 

FA\X,Z) := Ker(H'=(X,Z) ^//*(W-i,Z)) c H'‘{X,Z) 

where - Xi c Xg c Xi c ... G Xp c ... <z X is a filtration for the space X. 
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The cohomology of ^(Z, 4) can be computed as in BBTl Section 18] (see also UPerl Table 1]) and one 
obtains: 



k = 0 

k = 1 

k = 2 

k = 3 

k = A 

k = 5 

k = 6 

k = l 

k = S 

h\k{za),i^) 

Z 

0 

0 

0 

Z 

0 

0 

Z 2 

Z 


This allows us to compute the values of the 2-page as showed in the following table: 


so 

II 

0 

0 

0 

0 

0 

0 

0 

q = 5 

0 

0 

0 

0 

0 

0 

0 

q = 4 

z 

z 

z 

z2 

z2 

z^ 

Z^ ©Z 2 

q = 3 

0 

0 

0 

0 

0 

0 

0 

q = 2 

0 

0 

0 

0 

0 

0 

0 

q = 1 

0 

0 

0 

0 

0 

0 

0 

0 

II 

z 

z 

z 

z2 

z2 

z2 

Z^ ©Z 2 

pp,q 

p = 0 

p = l 

p = 2 

p^3 

p = A 

p - 5 

p = 6 


A recursive application of the formula (15.141) provides 

- ... - E^ - E^^ := Ker(d 5 : e]'^ ^ Ef) 

and the isomorphisms 

£.0,4 ^ £0,4 ^ £0,4 ^ £0,4 ^ //4(/^(Z,4),Z) Z 

£■5,0 ^ £5,0 ^ £5,0 ^ £5,0 ^ ^ J} 

allow us to write 

E^J' Ker(d 5 : //^(/:(Z, 4), Z) ^ . 

The map 65 relates the basic class C 2 e H‘^{K{Z,4-),Z) with the invariant 1 ^ € H^(^'”,Z) according to 
the formula ^ 5 ( 02 ) = -k^ {cf. BArkl Remark 7.2.6 (4)] or BMPl Lemma 3.4.2]). The convergence of the 
spectral sequence provides in exactly the same way as above the short exact sequence 

0 ^ ^ ^ E°J ^ 0. (5.19) 

Since we know that El‘^{3S’^,Z) ~ Z) and we can compute that - ... - E^^ ~ E^^^ ^ Z? we can 
immediately conclude from (15.191) and E^ c E[^{K{Z, 4), Z) - Z that E^^^ ^ Z which in turn implies 
that ds = 0 acts as the trivial map. Finally the vanishing of the Postnikov invariant 1 ^ - 0 assures that 
= s' X CP“ X KiZ, 3) X K{Z,A) if m > 3. Proposition l5.6l provides 

4 

Vec™(X) [A, S'] X [A,CP“] x [A,A(Z,3)] x [A,A(Z,4)] ^W{X,Z) , m>3 

2=1 


and the basic class in H^(K{Z, 4), Z) which induces the isomorphism [X, K{Z, 4)] - H^iX, Z) described 
in (15.81) can be identified with the second universal Chern class C 2 e EI^{Gm{C°°), Z) as discussed in 
Remark |Aj2l ■ 
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Remark 5.8. In the statement of Proposition l5.7l we pointed out that the equations (15.91) and (15.101) have 
to be understood as bijections of sets rather than group isomorphisms. This is because the standard 
group structure of direct sums of cohomology groups does not coincide a priori with a possible group 
structure on classes of chiral vector bundles induced by some geometric operations such as the Whitney 
sum. For this reason it should be better to replace expressions like H^{X,'L) x H^{X,Z) x ... instead 
H^{X, Z)®H^{X, Z)©... in (15.91 ) and (15.101) . However, in accordance with a modern (maybe inaccurate) 
custom in the classification of topological phases we chose to keep with the use of the symbol © instead 
of X, always keeping in mind that the identification is at level of sets and not of groups. The main 
reason and the first advantage of this choice of notation is that Table 1.1 and Table 1.2 result directly 
comparable with the existing literature. In any case this “conflict” in the notation opens the necessity 
for a deeper investigation of the group structure induced on the classes of chiral vector bundles by 
Whitney sum. We plan to investigate this aspect in an incoming work. ◄ 

Remark 5.9. The next step in the construction of the Postinikov tower of is the determination of 
the invariant k^. However, this invariant turns out to be non-trivial even in the stable range m ^ 3 for 
a reason that we will sketch below. First of all from x K(Z,4) and an application of the 

Kunneth formula for cohomology one obtains 

^ (h'^{S§’^,Z) ®z H^{K{ZA),1^)) e (h^{^'^,Z) //°(^(Z,4),Z)) . 

Hence H^{i^^,Z) has a torsion subgroup Z 2 which comes from H^{^'",Z) ^Z? ® Z 2 . By following 
the same lines of reasoning of the proof of Proposition l5.7l one concludes that the Postinikov invariant 
is, up to a sign, the image of the basic class in K{Z, 5) under the differential map 

H\K{Z,5),1) ^ ^ Ef° ^ £ 2 ’° ^ 

associated to the Leray-Serre spectral sequence of the fibration K(Z, 5) —> —> =^ 4 ”. Thus, the map 

dg fits in the exact sequence 



-^6 ° group 


where the absence of torsion in E^^ is justified by fhe facf fhaf E^^ is a subgroup of Z) which 

in furn is injecfed in Z) - Z^ since ag : B™ —> is a 6 -equivalence. Therefore, fhe absence 

of forsion in E^^ assures fhaf dg 0 and so is non frivial since if has fo generafe af leasf fhe torsion 
part Z 2 . ◄ 

5.5. The unstable case d = 4, m - 2. This case, in principle, can be handled wifh fhe same technique 
of the proof of Preposition 15.71 However, the presence of a torsion term in 7 r 4 (B^) - Z 2 ©Z (cf. Section 
14.11) makes the argument much more involved. 

The computation of the Postnikov section requires the investigation of the fibration 

7!:(Z2©Z,4) ^ xCP“ x/i:(Z,3) ^ K{Z2®Z,5) (5.20) 

ssl 

and in particular we need to determine A £ H^{^^,Z 2 © Z). From the very definition of the singular 
cohomology one obtains the natural direct sum decomposition 

H^{^],Z2®Z) ^ H^{^],Z2) © H\^j,Z). (5.21) 

These cohomology groups can be computed with the help of the following table: 
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k = 0 

k = 1 

k = 2 

k = 3 

k = A 

k = 5 


Z 

Z 

Z 

7 } 

Z2 

Z2 

H\S§1,Z2) 

Z 2 

Z 2 

Z 2 

Z2^ 

Z2^ 

22^ 


In particular one has that 

€ //^(^2^Z2©Z) Z2^ © Z^ . 

We can obtain information about the cohomology of by recalling that the map 04 : —> 

is a 5-equivalence. Our knowledge of the cohomology of provides 

^ ^ Z, ^ 7 } ^ 7? . 

Moreover Z) is injected in Z) - Z^ and so it has no torsion. This also implies informa¬ 

tion about homology (cf. IIHatl Corollary 3.3]) and with the help of the universal coefficient theorem 
one obtains 

H^{SSI,72®7) ^ mmz{H^{^l,7),7^) © H^{^1,7) , k = 1,2,3,4 . 

In particular for k = 4 one has 

H'^{ml,72®7) ^ 72^ © Z^ . 

We can study the cohomology of with coefficients Z 2 © Z also with the help of the spectral 
sequence associated to the principal fibration 

i^(Z2©Z,4) SS]. (5.22) 

Since we know that acts trivially on higher homotopy groups the 2-page of this spectral se¬ 

quence is given by 

^ //p(^2^//'?(^(Z2©Z,4),Z2©Z)) (5.23) 

with constant system of coefficients. In particular the path-connectedness of 3^'^ implies 

£■0.'? ^ H‘‘{K{72 © Z, 4), Z 2 © Z) . (5.24) 

The computation of the spectral sequence requires the cohomology of K {72 © Z, 4). One can use the 
relation .K'(Gi © G 2 , j) ~ ^(Gi, j) x /f(G 25 j) and the Kiinneth formula for cohomology to reduce the 
problem to the computation of the cohomology of K{7,A) and A'(Z2,4). Since we already used the 
cohomology of K{7, 4) in the proof of Proposition 15.71 we need to compute only the cohomology of 
K{72, 4). this can be done along the lines sketched in BBTl Section 18] or with the “Eilenberg-MacLane 
machine” described in llOl . The results are showed in the following table: 



k = 0 

k = 1 

k = 2 

k = 3 

k = A 

k = 5 

k = 6 

k = l 

H^{K{Z,A),'£) 

z 

0 

0 

0 

Z 

0 

0 

Z 2 

H’^{K{Z2,A),Z) 

z 

0 

0 

0 

0 

Z 2 

0 

Z 2 

H\K{Z2®Z,A),'^) 

z 

0 

0 

0 

z 

Z 2 

0 

22" 

Hk{K{Z2®Z,A),^) 

z 

0 

0 

0 

Z 2 ©z 

0 

22^ 

22 

H'^{K{Z2®Z,A),^2®Z) 

Z 2 ©z 

0 

0 

0 

7-2 ®Z 

22^ 

Z2^ 

Z2^ 
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With these results we can compute the values of showed in the following table: 


q = 5 

z^ 






q = 4 

Z2®Z 

Z2^ ©Z 





q = 3 

0 

0 

0 

0 

0 

0 

q = 2 

0 

0 

0 

0 

0 

0 

II 

0 

0 

0 

0 

0 

0 

0 

II 

cs^ 

^2 ® ^ 

^2 ® ^ 

^2 ® ^ 

Z2^ © Z^ 

Z2^ © Z^ 

Z2^ © Z^ 

pP,q 

II 

0 

p = 1 

p = i 

p = 3 

p = 4 

II 

CAl 


A recursive application of the formula (15.141) provides 

^ ^ ^ ^0,4 _ . ^0,4 ^ ^5,0J 

and the isomorphisms 

^0,4 ^ ^0,4 ^ ^0,4 ^ ^0,4 ^ //4(/(:(Z2©Z,4),Z2©Z) ^ Zi^ © Z 
^5,0 ^ ^5,0 ^ ^5,0 ^ ^5,0 ^ //5(^2^Z2©Z) Z2^ © 7? 

allow to write 

E'i^ ^ Ker(d 5 : H‘^{K{Z2 © Z, 4), Z 2 © Z) ^ Z 2 © Z)) . 

The map 65 relates the basic class b € //^(A'(Z 2 ©Z, 4), Z 2 © Z) with the invariant Z 2 © Z) 

according to the formula djCb) = -k^ {cf. BArkl Remark 7.2.6 (4)] or UMPl Lemma 3.4.2]). The 
convergence of the spectral sequence provides in exactly the same way as in the proof of Proposition 
15. 7 1 the short exact sequence 

0 ^ ^ //^(^^,Z2©Z) ^ ^ 0. (5.25) 

Since we know that Z 2 © Z) - Z 2 ^ © Z^ and we can compute that E^f ^ ... ^ E^^ - E^^ - 

Z 2 ^ © Z^ we can conclude that: 

Lemma 5.10. - Z 2 © Z. 

Proof. The key observation is that the spectral sequence induced by the 2-page (15.231) is the 
direct sum of two spectral sequences £'f’^(Z 2 ) and E^’^fZ) induced by the natural splitting E^’^^ - 
EP’‘^{Z2) © £^’^(Z) where 

EP’\Z2) := HP[^j,H%K{Z2®Z,4),Z2)) ^ H\P^l,Z2) 

EP’\Z) := HP[pgl,W{K{Z2®ZA),1)) ^ H*{ml,Z) . 

Consequently, also the short exact sequence (15.251) splits as 

0 ^ £i°(Z2) ^ H\^l,Z) E^J{Z2) 0 

/c 

0 ^ EtfiZ) H\^l,Z 2 ) E^J^iZ) 0 . 

By observing that E^J ^ E^J{Z2)eE°J{Z) with £^^(Z 2 ) c H\K{Z2®Z,4),2a) ^ Za^ and E^J{Z) c 
H‘^{K{Z2 © Z,4),Z) ^ Z and from £'i°(Z 2 ) ^ Z 2 ^ ^^“(Z) Z^ and H^{ml,Z2) ^ Z 2 ^ H‘^{ml,Z) 

Z} one immediately gets £'ot'^(Z 2 ) - Z 2 and £'^'*(Z) - Z. ■ 




























CHIRAL VECTOR BUNDLES 


27 


The fact that = Ker( 55 ) H^(^K{T .2 ® Z, 4), Z 2 © Z) implies that 5^ cannot be the trivial map. In 

particular this implies that = -(JjCb) 7 ^ 0. Even though this argument does not suffice to completely 
specify the invariant , the fact that the Z summand is in the kernel of the differential 6 $ gives us an 
extra information about the structure of 1 ^. 

Corollary 5.11. The non-trivial invariant is of order 2. More precisely takes value in the torsion 
subgroup ’L'l of Z 2 © Z) with respect to the splitting (I5.21I) . 

Let us recall that hf can be identified as an element of 

[^j,K(Z2eZ,5)] ^ [^1,K(Z2,5)] X [^l,K(Z,5)] ^ H\Sdl,Z2) © H\^j,Z) . 

Thus, as a consequence of Corollary 15. 11 l one has that the invariant behaves as a map 

K{Z,5) x K{Z 2 , 5 ) 

where we used 0 for the constant map. 

Proposition 5.12. 

K{Z2A)) X K{ZA) . (5.27) 

where the “twisted” product x^s K{Z 2 , 4) is defined in the proof and can be identified with a 
non trivial class in Zf) — Zrff. 

Proof The Postnikov section is a principal fibration which is built from the following diagram 

K{Z, 4) X K{Z 2 , 4)-=-- K{Z, 4) x K{Z 2 , 4) 

-- PK{Z, 5) X PK{Z 2 , 5) 

P={P\,P2) 

^2 -(0£h-^ ^ 

where p = (pi, P 2 ) is the path fibration and the bottom square is the homotopy pull-back. Therefore, 
one has that 

- {{x,y,z) € X PK(Z,5) X PK(Z 2 , 5 ) \ Pi(y) = 0(x) - ^ P 2 {z) - ^\x)] 

- X {{x,z) e PdlxPK(Z2,5) \ Piiz) = ^\x)] . 

The claim follows by setting x^s .k'(Z 2 , 4 ) {{x,z) £ x PK{Z2,5) I piiz) = ^^(v)} and by 

observing that - .^f(Z,4). ■ 

As a consequence of Proposition 15.121 (and Proposition 15.61) one has that rank 2 chiral vector bundles 
over a CW-complex X of dimension d = 4 are classified by 

Vec^(Z) [X,{^jx ^5 K(Z 2 A))] © H‘^{X,Z) (5.28) 

where the contribution of Pl^{X, Z) is given by the second Chern class. Unfortunately, the determi¬ 
nation of the space of homotopic equivalent maps \X, x^s K{Z 2 A))] is difficult in general and at 
the moment it seems to be beyond our capabilities. However, under some extra assumptions on X, a 
description of the above set seems possible. 

Proposition 5.13. Let X be such that H^iX, Z 2 ) = 0. Then, there is a bijection of sets 

[X,{^lx^, K(,Z2A))] ^ [X,^l] X [X,KiZ2 A)]- 
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Proof. The fibration projection n : x^s K{Z2,4)) induces a map 

n, : [XfSBlx^KiZiA))] [X,^^] . 

To prove the claim we need to show that: (i) the inverse image 7 r“^([/]) of every element [/] e [X, 
can be identified with the set \X,K(Z 2 'A)\, (ii) /r* is surjective. First of all we notice that n'“*([/]) is 
homotopy equivalent to the homotopy classes of lifts of / : X ^ i. e. 

<*([/]) - {/ : ^ ^ x ^5 X(Z 2 ,4)) ITT o / = /} / homotopy . 

Let us consider the pullback fibration n : f*i^^ x^s X(Z 2 , 4 )) —> X. Sections s of this fibration are 
in one-to-one correspondence with the lifts / by means of the formula s{x) := {x,f{x)) for all x e X. 
Hence 

^7k[/]) - Sections(/*(=^| x ^5 X(Z 2 ,4))^ / homotopy . (5.29) 

As a principal fibration x^s X(Z 2 , 4 )) is characterized by e Z 2 ) = 0. Therefore, 

there is a homotopy equivalence x^s X(Z 2 ,4)) - X x X(Z 2 ,4). This implies that the sections of 

f*i^^ x ^5 X(Z 2 ,4)) can be identified wifh maps on X info K(Z 2 , 4) and so from (15.291 ) one gefs 

- [X,X(Z2,4)] (5.30) 

as desired for poinf (i). The poinf (ii) which concerns fhe surjecfivify of follows from fhe exacf 
sequence of pointed sefs 

[X,(,^32x^5X(Z2,4))], ^ lX,^^l i [X,X(Z2,5)], - H^(X,Z2) - 0 

induced by fhe fibralion P^^x^sK(Z 2 , 4) ^ —> K(Z 2 , 5). We used [ , ]* for fhe homotopy classes of 

base poinf preserving maps. The facf fhaf has an H-space sfrucfure implies fhe bijecfion [X, .^ 3 ]* 
[X, .^ 3 ] (cf. BHafl Example 4A.3]). Finally, fhe surjecfivify of 7 r» comes from fhe commufafivify of fhe 
following diagram 

[X,(^j x^5 X(Z2,4))], ^ [X,,^32], 

I ^ 

[X,{^j x^ X(Z2,4))] ^ [X,^32] 

where i is fhe obvious inclusion which forgels fhe base poinf. ■ 

Lef us poinf ouf fhaf fhe bijecfion (15.301 ) depends on a choice of a homofopy equivalence befween 
f*{^^ x^5 X(Z 2 , 4 )) and X x X(Z 2 , 4 ). This suggesfs fhaf, a priori, differenl equivalences will lead to 
differenl bijecfions. Said differenlly fhe bijecfion claimed in Proposifion (15.131) could nof be natural. 

5.6. Chiral vector bundles over tori. Proposition 15.71 applies, in particular, to the torus T"' for 1 < 
d < 4. However, the unstable case of rank 2 chiral vector bundles over T"* necessitates an extra 
argument. 

Corollary 5.14. Let X be a closed oriented 4-dimensional manifold. The following bijection of sets 

Vec2(X) ^ Yec’^^\X) © Z 2 

holds true. 

Proof. The key argument is contained in Proposition l5.13l that can be applied here since H^{X, Z 2 ) = 0. 
The result then follows just by combining equation (15.281) with the classification of Vec™^^(X) in 
Proposition 15.71 and the fact that [X, X(Z 2 , 4 )] - H‘^{X, Z 2 ) - Z 2 . ■ 

Since the torus fulfills all the conditions of Corollary 15.14l one immediately gets 

Vec 2 (T'^) Z^^ © Z 2 . 
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6. From topological quantum systems of class AIII to chiral Bloch-bundles 

6.1. Chiral vector bundles vs. Clifford vector bundles. Vector bundles endowed with a Clifford 
action provide a geometric model for the .^T-theoretical version of the “Bott-clock” BKarl Chapter 111]. 
For this reason, these objects are usually taken as base for the justification of the Kitaev’s “Periodic 
Table” for topological insulators BFMlIThlll . In this section we investigate how vector bundles endowed 
with a Clifford action can be related to;t'-bundles. 

Let us start by introducing some fundamental facts, and a little of terminology, about Clifford alge¬ 
bras. For a more complete introduction we refer to BKarl Chapter 111, Section 3] or BLeB . A Clifford 
algebra Q) is a unital associative algebra that contains and is generated by a vector space 'Y 

over a (commutative) field K, where Y is equipped with a quadratic form Q. More properly CiffV, Q) 
is specified by a homomorphism i : Y —> C(’(Y, Q) on the underlying vector space and by the condi¬ 
tions i(v)^ = Q(v)l, for all v G Y, where 1 denotes the unit element in the algebra. Clifford algebras 
turn out to be universal objects in the following sense: given any unital associative algebra 'll over 
K and any linear map j : Y —> 51 such that ]{y)^ = Q(v)1sh (where Isji denotes the multiplicative 
identity of 51), there is a unique algebra homomorphism ip : C£(fV, Q) ^ 51 such that ip o i = j. 
The case we are more interested is when K = R and Y = R” endowed with the quadratic form 
Qp,n-p ■= diag(-l,..., -1, -1-1 ,..., -1-1) with p negative entries and n - p positive entries. We intro¬ 
duce the short notation for the pair (R", Qp „_p) and we denote by the corresponding 

Clifford algebra. According to a classical result BKarl Chapter 111, Corollary 3.11] the algebra 
is generated over R by a collection of symbols ei,...,e„ subjected to the relations (e,)^ = -1 if 
1 < / < p; (e,)^ = -1-1 if p -I- 1 < / < « and = -^j^i if i ^ j- Clifford algebras over have been 

completely classified. For our purpose, we need only the isomorphisms ^ C and - R © R. 

Clifford algebras are compatible with the structure of (complex) vector bundles in the following 
sense: 

Definition 6.1 (Clifford vector bundle). Let § X be a rank m complex vector bundle over X and 
denote with End(<^) the set of the (vector bundle) endomorphisms of S’. Vfe can endow S with a 
Clifford action by means of an 'B.-algebra homomorphism p : C£^’‘^ End((o"). Vfe call the pair {S,p) 

a Clifford vector bundle of type (p, q). A morphism between two Clifford vector bundles of the same 
type (S,p) and (S',p') is a vector bundle morphism f : S S' such that f o p(a) = p'(a) o f for all 
a € CiP'L 


We want to investigate the connection between chiral vector bundles and Clifford vector bundles 
of type (0,1). Eet us remark that C^’* is generated over R by a unique symbol e such that e^ - -i-l. 
This implies that given an object j?/ in a Banach category (e. g. a vector bundle) and an endomorphism 
g € End(£/) such that g^ - Id^ there is a unique R-algebra homomorphism p : Cf^’^ —> End(£/) 
completely specified by p(e) = g and p(-i-l) = Id^. 

Lemma 6.2. For a given rank m chiral vector bundle (S, O) over X, the pair (S, p) given by 

I 0 O \ 

S - S ® S, Pie) := Q (6.1) 

defines a rank 2m Clifford vector bundle of type (0,1) overX. Moreover, this assignment is compatible 
with isomorphisms in the sense that isomorphic chiral vector bundles define isomorphic Clifford vector 
bundles. 

Proof. Let g - p(e) e EndiS) as specified by (16.11) . Eor the proof that iS,p) is a Clifford vector 
bundle with a -action it is enough to observe that g^ - Id^. Now, let us consider two isomorphic 
;t^-bundles ((fi, Oi) w (S 2 , ^> 2 ) with isomorphism given by a map / in the sense of diagram (12.21) . Let 
iSi,pi) and (S 2 ,p 2 ) be the Clifford vector bundles associated to (Si,Oi) and (S 2 ,d> 2 ), respectively. 
The map 
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provides an isomorphism between (t^i, Oi) and (£ 2 , ^ 2 ) in the category of Clifford vector bundles since 
f opi{e) = p 2 {e) o f. ^ m 

The Clifford vector bundle built from a;y-bundle (S’, O) according to the prescription in Lemma 
I6.2l has more structure. Indeed, it is endowed with an odd symmetric gradation T € EndCJ") defined by 


I +ld^ 0 \ 

\ 0 -Id^ j • 


( 6 . 2 ) 


A direct computation shows that 

= Id^, Topic) - -pie)or (6.3) 

and this two relations agree with the following general definition. 


Definition 6.3 (Odd symmetric gradation). Let S’ X be a rank m complex vector bundle over X. A 
gradation ofS is a T € TnA{S) such that T^ = Id,^. The two endomorphisms n+ € TnA{S) defined by 

:= ^-(ids ± r) (6.4) 

are idempotent, i. e. n+ = n+. Let X be as in Assumption 17.21 This assures that the numbers n+ 
dim Ker(n+|;c) do not depend of the choice of x € X (see e.g.the argument in HGBVFl Theorem 
2.10]) and «+ + «_ = m. The numbers n+ are called the indeces o/T. The two vector subbundles 
S+ := Ker(n±) BHul Chapter 3, Theorem 8.2] provide a splitting 

S = S+ ^ S- . 

The gradation T is called symmetric when n+ = n_ (which implies that m has to be even). If iS,p) 
is a Clifford vector bundle of type ip,q) we say that T is an odd gradation for iS,p) if in addition 
T o pici) - -pici) o T for all \ ^ i ^ p + q. 

Lemma 6.4. Let iS,p) be a rank 2m Clifford vector bundle of type (0,1) over a space X that verifies 
Assumption\L2\ Let T £ EndiS) be an odd symmetric gradation and S+ Ker(n+) the two rank m 
vector bundles defined by the idempotents dEl- Then S+ and S- are isomorphic as complex vector 
bundles and there is an isomorphisms Q : such that 

i = Pie) - ( 0^-1 0 ) ■ (6.5) 

Moreover, each pair of isomorphisms h+ : S’± ^ S' defines a rank m chiral vector bundle (S, O/,) with 
O/, := o 0 o hZ^. 


Proof The first part follows by observing that p{e) o n+ o pie) - n+ which implies that 11+ o pie) o n_ 
is an endomorphism of S' which restricts to a linear isomorphism between corresponding fibers of S- 
and S+. This assures by BHul Chapter 3, Theorem 2.5] that the restriction of n+ o pie) o n_ defines an 
isomorphism @ S- ^ S+ with inverse given by n_ o pie) o n+. The second part of the claim is just 
a consequence of the fact that O/, is an endomorphisms of S by construction. ■ 


Remark 6.5. Lemma [C4l deserves some comments. 


(a) There is a natural notion of isomorphism between two Clifford vector bundles of type (0,1) 
endowed with symmetric gradations iS,p, T) and iS',p',r'). This is given by an isomorphism 
of complex vector bundles / : S ^ S' such that/oT = r'o/and/op(e) - p'(c)o/. In terms 
of the splitting (16.51) this is equivalent to the existence of two isomorphisms f±:S±^ S+ such 
that 


/ - 


/+ 0 
0 /- 


/+O0 = 0'o/_. 


( 6 . 6 ) 
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(b) There is an asymmetry between Lemma 16.21 and Lemma 16.41 The first proves that a chiral 
vector bundle uniquely specifies (up fo isomorphisms) a Clifford vector bundle of fype (0,1) 
endowed wifh an odd symmefric gradafion (16.21) . Conversely, Lemma (64] shows fhaf in order 
fo reconstrucf a chiral vector bundle (J/,, O/,) from a Clifford vecfor bundle of fype (0,1) wifh 
odd symmefric gradafion {S’, p, T) one needs fo make a choice of a pair of isomorphisms h± : 
S+ S to a target vecfor bundle S. However, fhe new Clifford vecfor bundle of fype (0,1) 
wifh odd symmefric gradafion {Sh,PhSh) obfained from {Sh, O/,) by following fhe consfrucfion 
in Lemma lh^ furns ouf to be isomorphic (in fhe sense of poinf (a) above) to fhe original friplef 
{S,p,Y) fhrough fhe isomorphism 

h-.{i,p,Y) ^ {ih,PhSh), h = I I J . 

(c) The consfrucfion of fhe ;^^-bundle {Sh, <!)/,) is based on fhe choice of a pair of isomorphisms 

h+ : S± ^ S. However, only fhe difference befween h+ and /i_ is really imporfanf. More 
precisely, lef us consider fhe pair of isomorphisms S± ^ S+ defined by := Id^_^ 
and := oh- and fhe relafed chiral vector bundle {S+, O/,^) wifh & o hZ^ o h+. 

Then, (<^+,0/,^) « {S,Oh) as chiral vecfor bundles wifh isomorphism given by fhe map h+. 
Similarly, one can consider fhe pair of maps : S+ ^ S- defined by := hff o and 

■= lds‘_ and fhe associated chiral vecfor bundle {S-,(Yh ). Then fhe map h- provides a 
;^-bundle isomorphism {S-, <!)/, ) « {S, O/,). Finally, by fransifivify one gels 

{S^,(Yhff « {S,Oh) « {S-,(Yh_). 

In conclusion, in order fo realize a ;^-bundle from a friplet {S, p, T) one only needs fo specify 
a reference map ■. S- ^ S+ and fo consider fhe associated standard ;^f-bundle {S-, <!)) wifh 
<1) /i“j, o 0. Lef /j'gj : be a second reference map. Then {S-, O) w {S-, O') as chiral 

vecfor bundles if and only if fhere is a / £ Auf((f_) such fhaf O' = / o O o f~^, namely if and 
only if 

^ref ^ 0 o / o 0“' o /iref o /“^ 

This equafion shows fhaf fhe freedom in fhe choice of /iief is measured by Aul((f_). 

(d) Consider now fwo of isomorphic friplef {S,p,Y) and {S',p',Y') wifh isomorphism / as in 
(16.61) . Lef ffsf : S- —> S+ and : S!_ —> be fwo reference maps and {S-, O) and {Sff O') 
fhe fwo associafed sfandard ;^f-bundles described in (c). If if happens fhaf 

/+ ° = /r'ef o /_ (6.7) 

Ihen /_ : (JL, O) —> {SI, O') is an isomorphism of chiral vecfor bundles. Indeed fhe condition 
O = /r' o O' o /_ follows by exploifing fhe relafions (16.61) and (16.71) . This observation is, fo 
some extenf, an inverse of fhe confenf of Lemma [CH 

(e) The effecl of fhe reference map : S- ^ S+ on fhe friplef {S,p,Y) can be also understood 
as fhe infroducfion of a second Clifford-aclion 

^ ^0 ) 

which evidenfly anli-commule wifh fhe gradation T. 

The sequence (a)-(e) of fhe above remarks suggesfs a slrong relalion befween qf-bundles and Clifford 
vecfor bundle wifh a double -action endowed wifh an odd symmefric gradation. ◄ 

Lef us consider quadruplels {S,pi,p 2 ,Y) given by a rank 2m complex vecfor bundle S, an odd 
symmefric gradation T and fwo Clifford actions pi : —> YnA{S), i = 1,2, which anli-commule 

wifh fhe gradation, T o pfe) - -pfe) o T. An isomorphism befween fwo quadruplels {<^,p\,p 2 , T) and 
{S',p'^,P 2 ,Y') is an isomorphism f : S —> S' which interfwines fhe gradations / o T = Y'of and fhe 
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C^°’^-actions / opi{e) - p'.{e) of. Lemma[6i2j Lemma [63] and the various items (a)-(e) in Remark[63] 
can be summarized in the following claim. 

Proposition 6.6. There is a one-to-one correspondence between isomorphism classes of rank m chi¬ 
ral vector bundles and isomorphism classes of rank 2m Clifford vector bundles with a double (0,1) 
structure and odd symmetric gradation. 

Finally, few words about the homotopy. The notion of homotopy equivalence between quadruplets 
and ((#',p',p 2 , r') over the space X can be introduced by mimicking Definition 12.41 We 
say that ,pi,p 2 ,T) ~ 0',p\,p' 2 ,T') if and only if there is an intertwining quadruplet 0 ,p\,p 2 ,t) 
over X X [0,1] such that 

(<^,Pl>P2,r^ - ('^lxx(0|>Pi|xx(0|>P2lxx(0|>f|xx|0)) 

((^',Pl,P2>r') ^ ((^|xx(l|,Pi|xx(l|,P2lxx(l|,f|xx|l)) 

where denotes the isomorphism between Clifford vector bundles with a double (0,1) structure and 
odd symmetric gradation. The following result is an immediate consequence of Proposition 16.61 and 
the notion of homotopy. 

Theorem 6.7. There is a one-to-one correspondence between homotopic classes [{S', O)] of rank m 
chiral vector bundles and homotopic classes [{S ,p\,p 2 , T)] of rank 2m Clifford vector bundles with a 
double Cf^’^-action and odd symmetric gradation. 

6.2. Construction of the chiral Bloch-bundle. A standard construction associates to each topologi¬ 
cal quantum system (11.61) with an isolated family of m energy bands (11.71) a complex vector bundle of 
rank m over X which, to some extent, can be named Bloch-bundl^ The first step of this construction 
is the realization of a continuous map of rank m spectral projections X B x P{x) by means of the 
Riesz-Dunford integral: 

Paix) := ^^dz(//(x)-zl.p)"' (6.9) 

associated with any isolated family of energy bands Q which verifies (11.71) . Here C c C is any regular 
closed path which encloses, without touching, the spectral range D. The second step turns out to be a 
concrete application of the Serre-Swan Theorem HSwl (see also HGBVFl Theorem 2.10]) which relates 
vector bundles and continuous family of projections by 

4 := y Ran Pn(^) . (6.10) 

xeX 

Sometimes, x Po.{x) is equivariant with respect to a/ree action of a topological group (G over X. In 
this case a quotient procedure of the type llAtl Proposition 1.6.1] is required. For instance, this kind of 
construction is necessary for the Harper operator HDLl which describes the strong magnetic filed limit 
of the Landau operator. 

By borrowing the accepted terminology for topological insulators we can refer to systems which 
verify only (11.6!) and (11.71) as topological quantum systems in class A (see e.g. liSRFLil l. In this case 
the (Cartan) label A expresses the absence of any kind of (pseudo-)symmetry or other extra structures. 
Since topological quantum systems in class A lead to complex vector bundles (without any other extra 
structure) they are topologically classified by the set VeCp(X) of the isomorphism classes of rank m 
complex vector bundles over the base space X. The classification of complex vector bundles is a 
classical, well-studied, problem in topology. Under rather general assumptions on the base space X, 
the set Vec^(X) can be classified by using homotopy theory techniques and, for dimension r/ < 4 (and 
for all m) a complete description can be done in terms of cohomology groups and Chern classes UPetl 
(see e. g. BDGH Section 3] for a review of these standard results). 

^This name is justified by the fact that the Bloch theory for electrons in a crystal (see e.g. I AMI ) provides some of the 
most interesting examples of topological quantum systems. 
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The presence of a chiral symmetry (11.81) introduces more structure. The first consequence is that the 
spectrum of the operator H{x) is symmetric with respect to the zero energy, i. e. 

+ A{x) e o-[H{x)) ^ -A(x) e cr[H{x)) VxeX. (6.11) 

Indeed, if ij/(x) £ "K is an eigenvector of H{x) with eigenvalue A{x) then tfr'ix) := is still 

an eigenvector but with eigenvalue -A{x). This symmetry justifies fhe following assumption which is 
usually verified in fhe most common physical situations. 

Assumption 6.8 (Zero energy gap). Let X 3 x Ll{x) be a topological quantum systems with chiral 
symmetry X 3 x tis in Definition O We will assume that H{x) has an energy gap in zero, 

i. e. 0 ^ cr{H{x)) for all x € X. 

Due to this assumption we can select an isolated family of energy bands of type D = U Q+ where 
the sets 0+ {/l+y|(-), ■ ■ ■, d+y„,(')) contain energy bands of fixed sign and pair of bands A+j., A^j. are 

related by the chiral symmetry x- We refer to Q+ and O- as the positive and negative energy sector, 
respectively. The spectral projection associated to Q by (16.91) splits accordingly in a positive and a 
negative part 

Pn(.x) = Pnfix) + Pci_{x) , Pcifix) Pcifix) ^ 0 

since the zero energy gap assumption. Moreover, the chiral symmetry intertwines the two energy 
sectors, 

Xix) Pnfix)xix) = Pn^ix) . (6.12) 

The splitting of Pq induces a splitting of the B loch-bundle 

4 - y RanPn,(T) (6.13) 

xeX 

and the relation (16.121) implies that the two summands are isomorphic as complex vector bundles, 
■ The operator 

Tciix) ■- Paix) x(x) Paix) , T^ixf = Pn{x) (6.14) 

has the structure of an involution on the space RanPn(x) and so it identifies a gradation Tn e End(4)! 

T^ = Id^^, of the rank 2m Bloch-bundle (16.131) . This gradation turns out to be symmetric. 

Lemma 6.9. Let Tcibe the gradation of the Bloch-bundle 4 ^ defined fiberwise by (16.141) . Define 
the two idempotent endomorphisms 11^ + £ End((lh) tts in dEl- Then dim Ker(nn_+) = m showing 
that Tn is a symmetric gradation . 

Proof Since nn,± are idempotent endomorphisms of 4^ the dimension of their kernels are locally 
constant on X (see e. g. the argument in lIGBVEl Theorem 2.10]). The connectedness of X assures that 
the dimension of the kernels are globally constant. This means that we can make the computation just 
by looking at a single fiber over a point x £ A. Here the idempotents nf 2 ,± have the expression 

nn.±(T) = ^(Pn(T) + Pa{x) X{x) Pa{x)) . (6.15) 

Eet [fi-j], j - 1,... ,ni, be a basis for the negative energy sector eigenspace Pq (x)'H and {fi+j} the 
related basis for the positive energy sector eigenspace Pcifix)’Ll. The relation between the two bases 
is fixed by fi+j = x{x)tl/^:j. Eet {<p±j}, j = 1,..., m, be the new basis for the full space Pci{x)'Ll given 
by 

<P±j ■= ± fi-j) (6-16) 

Since xix)(l>±j - ±4>±j and Pa,{x)f±j - f±j one checks that Hn+(x)0+y = f+j and Hn+(x)0+y = 0. 
This concludes the proof. ■ 

The evident relations P{x) = nfj,+(x) -i- Hn-(x) and nfj,±(x)nn,+(x) = 0 imply a different splitting 
of the Bloch-bundle 

:= I_I Ran nn,±(x) . 

xeX 


© S- , 


(6.17) 
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The flattened (restricted) Hamiltonian 

paix) - Pnix) Pa{x) = Pnflx) - Pnflx) (6.18) 

turns out to be well-defined due to Assumption 16.81 and the two relations 

Pnixf = Pnix) , Tn{x)pn.ix) = -pn.{x)Tn{x) (6.19) 

prove that the operator pn introduces a C/®’'-action on the total Bloch-bundle Jq and the gradation 
is odd with respect to this action. The relations 

Pn(x) nci^±(x) pn(x) ^ nn^+(x) , T^ix) = Ila^+ix) - nn-(3c) 

imply the isomorphism - (f_ of the complex vector bundles in the splitting (16.171) . Moreover, with 

respect to such a gradation the Clifford action pa(e) and the gradation F^ are represented as 


rn = 


The isomorphism 0^ : <^5 


+Id,r+ 

0 


0 

-Id^_ 


Pn(e) = 


0 0 . 
0 - o" 


and its inverse 0^ * are described fiberwise by 
Q^(x) := nn,+(x) pq ( x ) Hq-(x) 

0“^(x) := Hn-(x) pn(x) nn,+(x) . 


Summarizing, up to now we had shown how from a topological quantum system with chiral sym¬ 
metry and zero energy gap one can associate a rank 2/n Bloch-bundle with a -action pQ and a 
symmetric odd gradation Fn, provided that there exists a family of m negative (resp. positive) energy 
bands O- (resp. 0+) separated from the rest of the spectrum. However, as discussed at the end of 
Section [6Hj the data contained in the triplet ((^n,Pn, Tq) are not enough alone to determinate a chiral 
vector bundle. We need a second reference isomorphism /iref : (f_ ^ or equivalently a second 
C7®’*-action pref compatible with the gradation Fq. Once such an /iief has been given we can uniquely 
specify the;y-bundle with := o 0^. This construction justifies the Assumption 11.61 

given in the introduction. 


Remark 6.10. In order to complete the picture of the relation between topological quantum systems 
with chiral symmetry and ;t'-bundles a couple of remarks are still necessary. 

(a) The choice of the reference isomorphism /iref corresponds to the choice of a (local) system 
of coordinates for the vector bundles 7 t+ : £’± —> X. As a matter of fact S’- and S+ are 
isomorphic hence they can be trivialized on the same open covering {It^} of X. Let /tq, + : 
7T+^(U.a) — > Itff X C"* be a choice of a local trivialization. On the overlappings n li/j 
both systems of local trivializations transform with the same system of transition functions 
g/ja : Itj, n 11/3 ^ 1[J(/m) according to /rp + = g/ja o ha^±. This implies that the collection of local 
isomorphisms h^^rei ■= h~\ ° ^a- '■ ^Z^iUa) —> 7r“^(llQ,) “glues” together and defines a global 
isomorphism /pef : S- ^ S+. 

(b) The Clifford -action pref associated to the reference isomorphisms /zref according to (16.81) 
has fiberwise fhe expression 

Pref(x) = nn,+(x) /rref(x) Hfj-(x) -H Hfj-(x) /r“f(x) nn,+(x) . 


After expressing the projections nn_+(x) in terms of the Fermi projection Pn(x) according to 
(16.151) one gets after some algebra 


Pref(x) ^ Pn(x) 


1 +Xix) , ^ ^ 1 -xix) 

-X- «ref(x) -r- 


, 1-Xix) ^1+Xix) 

+ -^^- 


Pn(x) . 


By choosing the map x i-> /iref(x) to be unitary-valued (this implies no loss of generality) 
one can see that Pref(x) turns out to be a self-adjoint operator acting on the relevant spectral 
subspace Pq{x)PI and endowed with the (evident) chiral symmetry ;t^(x)pi.ef(x);^f(x) = -pref(x). 
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In this sense Prefix) can be considered as a reference chiral Hamiltonian for the initial chiral 
Hamiltonian H{x). 

Some of the observations in (a) and (b) above will acquire a certain importance inside the context of 
Section [631 ◄ 

We conclude this section with a comparison between the energy splitting (16.131) and the chiral 
splitting (16.171) of the Bloch-bundle 

Lemma 6.11. Let be the two rank m vector bundles which provide the energy splitting (16.131) 
of the Bloch-bundle Sq. Similarly, let S± be the two rank m vector bundles which provide the chiral 
splitting (16.13!) of Jn- Then one has 

(oQ — — S’x^+ ~ ^x- 

where all the isomorphisms are meant in the category of complex vector bundles. 


Proof The isomorphisms S’q ~ and - §- has already been discussed in the text. At any 
rate all the isomorphisms can be checked directly by showing that all the vector bundles have a same 
system of transition functions subordinate to an open covering {Uq-} of the base space X lIHul 
Chapter 5, Theorem 2.7]. Let Ua and lip be two elements of the covering with non trivial intersection 
Ma 0. Let J ~ 1,... be two local frames for Jn+ supported on Ua and 

Up, respectively, and related by = 'Zjk=i Spa ^^+1 intersection Ua n Up. The local systems 

•- ■. = x^^] \ provide a local trivialization for Sq . On the intersection n Up 

we have that 




Z 

.k=l 






(«) 

-k 


and this shows that gpa provides a system of transition functions also for . Local frames for and 
can be realized as linear combinations of {(A*fy 1 and according to equation (16.161) . Since (lA+y) 

and transform according to the same system of transition functions also their linear combinations 
will transforms according to the same system just by linearity. ■ 


6.3. Comparison with the literature. The aim of this section is to compare our point of view about 
the topological phases of chiral topological quantum systems (as given in Definition 1 1.6!) with various 
aspects typically accepted in the literature concerning the topology of the chiral class A TT T. 

Topological insulators of class AIII. We will briefly sketch the usual derivation of the topological 
invariants for topological insulators of class AIII as presented in the classical literature on the subject 
IISRFLllRSFLII as well as in more recent reviews |QZ[ IBuTi or new research works llPSII . 

One start with a matrix-valued map of the type 

X 3 X ^H{x) = Hix)* e Matc(2m) (6.20) 

where X is usually a rZ-dimensional sphere (free fermions system) or a d-dimensional torus T'^. 
Then one assumes the existence of a constant involutive unitary matrix T € Matc(2m) such that 

r H{x) + H{x) T - 0 , r = T* - r“*. ( 6 . 21 ) 

The existence of a gap at zero energy (in the same spirit of Assumption [63]) assures that the spectrum 
of H{x) is symmetric with respect to the zero energy with equal number of positive and negative 
eigenvalues = «_ = m. The gradation T turns out to be symmetric and, up to a choice of a splitting 
Qim _ 0 (which does not fixe uniquely a basis!), it is represented by 

+lm 0 \ 

0 -Im 


r = 


( 6 . 22 ) 
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where is the m x m identity matrix. At this point one considers the flattened Hamiltonian 

H{x) 

\H{x)\ 


(6.23) 


which is well defined since the zero gap condition. The spectral projections P±ix) provide pointwise a 
splitting of the ambient space C^'” in the positive and negative energy sector. One of the consequences 
of (16.231) is that 


Pi^x) — 112m ■ 


With respect to the basis which provides the grading of T in (16.221) one has that 

p{x) = 


0 U{x) 
U{xT 0 


(6.24) 


(6.25) 


where the anti-diagonal structure is given by the anti-commutation relation with T and the presence of 
the adjoint operator U{x)* in the lower left corner is due to the self-adjointness of p{x). Finally the 
constraint (16.241) implies that U{x)* = U{xy^ which means that x U{x) € l[J(m) is a unitary-valued 
map. At this point one defines the topological phase of the system as 


[U] € {X,V{m)\ 

namely as the homotopy class of the map [/ : X —1 [J(/m). When X = the phase is classified by 
nd{V{m)) and [[/] coincides with the degree (or winding number) of the map. 

This derivation seems to be quite close to our arguments in Section (16.21) . However there are two 
important differences which make the above approach less general than our point of view. 

(1) - Non-trivial Fermi projection - Model of the type (16.201) with a fiber of finite dimension are usually 
introduced as effective operators which describe the physics related to a relevant energy regime (finite 
number of filled bands) of a realistic, generally unbounded, operator. Said differently FI{x) has to be 
interpreted as the restriction Pq{x)H{x)Pci{x) where H{x) is an operator living in a bigger, possibly 
infinite dimensional, Hilbert space and Pciix) is the Fermi projection on the relevant set O = Q+ -i- Q_ 
of the m positive and m negative energy bands. In effect, this is the precise mechanisms which allows to 
justify the use of tight-binding models as the representation on the basis of the Wannier functions BWall 
of a full Hamiltonian restricted on a finite range of energies (see also fl^ ISTH for a more modern and 
general point of view). The hypothesis that FI{x) is an element of an x-independent space Matc(2m) is 
equivalent to assume that the Fermi projection Pnix) is constant or that it can be at least continuously 
deformed to a constant projection. This implies that topology of the Bloch-bundles S'q associated to 
Pnix) is trivial. This fact can be also derived from the pointwise splitting of the Fermi projection in 
its positive and negative energy parts Pnix) = F’+(x) -i- P-ix). Equations (16.241) and (16.231) implies that 
l 2 m = [^+(-^) - P-ix))^ - Pnix)- Moreover, P+ix) and P-ix) are related by a unitary transformation 
induced by the gradation F hence they are topologically equivalent. Since their sum gives a trivial 
bundle they are forced to have order two Chern classes. In many physical situations of interest the 
base space X has torsion-free integer cohomology groups and this implies that P+ix) and P-ix) need 
to have vanishing Chern classes. This is a strong requirement which, for instance, implies the triviality 
of P+ix) and P-ix) in low dimensions r/ < 4. In conclusion, the definition (16.201) introduces since from 
the beginning the “hidden” hypothesis that the system exhibits a collection of m negative (or positive) 
energy bands with a total trivial Chern charge. This is a hypothesis which is in general false (see 
e. g. the case of the Harper operator in the limit of a strong magnetic field HDLII l and absolutely non 
necessary as showed in Section 


(2) - Arbitrary choice of the eigenbasis of the gradation - Even though one accept the restrictions 
included in definition (16.201) . the construction of the topological invariant for the chiral system based on 
the decomposition (16.251) turns out to be ambiguously defined. Indeed, the diagonal form of F in (16.221) 
is preserved by every (pointwise) reshuffling of the basis of the two eigenspaces C^'” = ‘H+(x)0‘K_(x) 
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of r, namely by the action of any unitary-valued map of the form 


X 


W{x) 


Wi{x) 0 \ 

0 W2ix) I ’ 


Wiix), W 2 {x) € V{m) . 


Since 

p{x) W{x) p{x) W{x)* 


0 Wi{x)U{x)W 2 {x)* 

W 2 {x)U{x)*Wi{x)* 0 


and [17] 7^ {WiUW^^ it is evident that the definition of the topological phase is affected by the ambi¬ 
guity in the choice of the pointwise basis of the eigenspaces of F. Of course, one can notice that the 
ambiguity can be removed in the case the map W{x) = IF is constant-valued a fact which is equivalent 
to affirm that the positive and negative eigenspaces of F can be fixed independently of the base points. 
However, this is possible only if F is a constant gradation acting on the trivial bundle X x and, as 
discussed in (1) above, this is a non-innocent restrictive assumption which excludes many interesting 
situations. 


The Karoubi-Thiang approach. In a series of two recent brilliant papers IIThl[ITh2ll G. Thiang com¬ 
mented about some problematic aspects of the usually accepted definition of topological phases for 
topological insulators in class AIII. He recognized an incompatibility between the notions of isomor¬ 
phism and homotopic equivalence by showing how certain diagonal unitary transforms can change the 
value of the winding number. He also noticed that the notion of phase can be well defined only in a 
relative sense. These kind of criticisms are in effect also contained in questions <3.1) - <3.3) that we 
posed (and we answered) in the introduction. In the approach by Thiang the topological phases of 
topological insulators in class AIII are defined as the .R'-theoretical classes of a .S'-theory introduced 
by M. Karoubi to classify gradations acting on Banach category endowed with a Clifford action Karl 
Chapter III, Section 4]. Element of this A'-theory are equivalence classes [Fi,F 2 ] of gradations act¬ 
ing on an element S of an abelian category (e. g. a complex vector bundle) endowed with the action 
p of a Clifford algebra and the equivalence is meant in the sense of homotopy deformations inside 
the space of gradations. The meaning reserved by Thiang to [Fi,F 2 ] is that of a relative topological 
phase between the flattened Hamiltonians Fi and F 2 . Modulo a change of roles between gradations 
and Clifford actions the point of view by Thiang is very closed with our Definition 11.61 However, we 
notice that there is an evident “loss of information” in the classification scheme constructed by Thiang 
on the basis of the Karoubi’s A'-theory. In fact, according to Kai'oubi-Thiang the triviality of the class 
[ri,F 2 ] = 0 is equivalent to the homotopy Fi ~ F 2 . In this way one completely erases from the the¬ 
ory possible non-trivial topological aspects related to underlying vector bundle S’. Our point of view, 
summarized in Definition 11.61 can be understood as a generalization of the Karoubi-Thiang theory in 
which one requires that [Fi,F 2 ] e Kq{S) whenever Fi ~ F 2 . 

The Atiyah-Hopkins-Witten A'+-theory. In 1998, in relation to A'-theoretic classification of D-brane 
charges, E. Witten introduced a variant of the K-theory, denoted by K+ llWi21l . The geometric situation 
concerns a manifold X with an involution r having a fixed point submanifold X^. On X one wants to 
study a pair of complex vector bundles (S+, <£.) with the property that r is covered by a map g which 
interchanges them. In terms of the virtual vector bundle S+ - S^, then g takes this into its negative, 
and K±(X, r) is meant to be the appropriate A'-theory of this situation. This twisted A'-theory has been 
precisely defined and studied by M. Atiyah and M. Hopkins in a subsequent work HAHl . More recently 
some new aspects have been investigated by K. Gomi in UGoL In the case of a trivial involution t = Idx 
the map g can be described in terms of an isomorphism Q : S- S+ as in (16.51) . This makes evident 
the link between the K^-theory and the classification of chiral vector bundles. Eollowing HAHl Section 
2], the K^-theory of the space X with trivial action verifies the exact sequence 

RiZ2)^K\X) - - -- K\X) - — -- Ki(X) 


KliX) 


K^{X) -- - -A(Z2) ® K^{X) 


5=0 


(6.26) 
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where Ri^ 2 ) - Z © Z is the representation ring (over complex) of Z 2 and it is generated by the 
trivial representation 1 : Z 2 ^ {1} c C and the sign representation e : Z 2 {-1, +1} c C. The two 
homomorphisms cf), which forget the R{T. 2 ) component, are surjective with kernels (l-e)(8)/f*(X) and so 
it turns out that d = 0. This implies that Ki(X) - Ker^ - where j is meant modulo 2. If from 

one side the isomorphism A'2(X) ^ X'(X) indicates that contains the topological information about 
the automorphism group of vector bundles over X, from the other side the 6 : K^(X) — > {0} c K^{X) 
shows that K^liX) contains no kind of information about the topology of the underlying vector bundles 
themselves. Then, the description provided by the -theory covers only partially the phenomenology 
of chiral systems as described in Section [hZ] 

Appendix A. Topology of unitary groups and Grassmann manifolds 


Homotopy. The complete determination of the homotopy groups of the unitary groups V{m) is still 
an open problem. Probably the most general result in this direction is the observation by R. Bott that 
the homotopy groups nk{V{m)) stabilize when ni becomes sufficiently large. More in detail, one has 


TTkiVim)) 


0 

if 

k 

even or 0, 2 m > k 

z 

if 

k 

odd, 2 m > k 

.Zm! 

if 

k 

- 2m 


which is a result nowadays known as Bott periodicity HBotll The condition m > 2k is called 

stable regime. The Bott periodicity provides a complete solution for the computation of the homotopy 
groups of the Palais unitary group lU(cx3) which is the “infinite” unitary group 


l[J(oo) := lU(m) , 
m=\ 

obtained as the inductive limit of the inclusions V{m) cz {n + 1) cz ... lEi. Elements in this l[J(oo) can 
be interpreted as infinite unitary matrices whose entries differ from fhe identity matrix in only finitely 
many places. The Bott periodicity immediately yields 


7rjt(U(oo)) 


0 if k even or 0 
Z if k odd 


The computation of the homotopy groups in the non stable regime 2m < k requires ad hoc techniques 
for each specific case and many values are already tabulated in the literature. 


nk{V{ni)) 

k = 1 

k - 2 

k - 3 

k = 4 

k - 5 

k-6 

k = l 

k = 8 

k-9 

k = 10 

m = 1 


Z 


0 

0 

0 

0 

0 

0 

0 

0 

0 

m = 2 


Z 


0 


Z 


Z2 

Z2 

Z 12 

Z2 

Z2 

Z3 

Zl5 

ni = 3 


z 


0 


z 


0 


z 


Zg 

0 

Z 12 

Z 3 

Z 30 

m = 4 


z 


0 


z 


0 


z 


0 


z 


Z24 

Z2 

Z 2 © Z 120 

m = 5 


z 


0 


z 


0 


z 


0 


z 


0 

Z 

Z 120 

m = 6 


z 


0 


z 


0 


z 


0 


z 


0 

z 

0 


Table A. 1. First homotopy groups for the unitary groups. The entries enclosed in a hox represent the 
values of the homotopy groups in the stable regime. Groups of the type n2m+r0d(n'i)) with r = 1,2 have 
been computed in IK^ A larger table with the related references can be found in IL^. 


The fiber sequence SlU(m) —> V{m) —> 1U(1) shows that V{m) can be seen as a principal Sl[J(m)- 
bundle over U(l) S' with bundle projection given by the determinat. This principal bundle is trivial 
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since it has a section s : 1U(1) —> V{m) given by s{u) := diag(M, 1,..., 1). Therefore, one gets the 
identification V{m) - S' x SlU(ni) and the isomorphisms 

7r<:(U(m)) - 7r^(S') © 7r<:(SU(m)) € N U {0} . (A.l) 

Equation (lA.ll) . along with the computation of the homotopy groups 7ri(S') ^ Z and 7r^(S') = 0 for all 
k t I BHatl Proposition 4.1], provides 

n'<:(Sl[J(ni)) - nkiV{m)) , k 2 

and 

n\(J]{m)) ~ Z, n'i(Sl[J(m)) = 0 . (A.2) 

Table A. 1 can be completed with 

no{V{m)) - n'o(SlLJ(ni)) = 0 (A.3) 

which simply means that the groups V{m) and SV{m) are path-connected. 

In general, the fundamental group of a path-connected space X acts on its higher homotopy groups 
by automorphisms, i.e.ni{X) 3 [y] /3y e Aut(7r,(.(2f)) (see IStJ Section 16] or HBTl Warning 17.6] 

for a precise definition). 

Lemma A.l. The action of n\(\]{m)) {resp. n\{{oo))) omik(f^{m)) (resp. nk{V{oo))) is trivial for all 
k eN. In particular this implies the isomorphisms 

7r^(U(m)) ^ [S^^[J(m)] , 7ri(U(oo)) ^ [S^^[J(oo)] , ken 

which allow to neglect the role of base points in the computation of the homotopy groups. 

Proof The triviality of the action of n\ on higher-dimensional groups nu is a classical result about the 
homotopy theory of topological groups ISt) Theorem 16.9]. The last part of the claim is a consequence 
of the general isomorphism 

[S^X] nk{X)lnfX), ken 

which is valid for any path-connected space X BBTl Proposition 17.6.1]. ■ 

The computation of the homotopy groups of the Grassmann manifold can be reduced to the 

problem of the computation of the homotopy groups of l[J(m) by means of the fiber sequence associafed 
fo fhe universal classifying principal lU(m)-bundle 

Vim) G„(C“) (A.4) 

where := lLJ(n)/lU(n - m) is fhe Stiefel variety and := U,'^i usual, fhe inducfive 

limif. The universalify of fhe space ,5^“ implies ifs confraclibilify, i. e. - 0 for all k BHul 

Chapfer 8, Theorem 5.1]. This fad applied fo fhe homofopy exact sequence induced by (IA.4I) gives 

7r^(G„(C“)) - ;r^_i(U(m)) ken. (A.5) 

The connectedness of the Grassmann manifold also implies 7ro(Gm(C“)) = 0. 

Cohomology. The computation of the cohomology ring of the Grassmann manifold Gm(C“) is an 
extremely important result in the theory of (eomplex) vector bundles. It is well-known that 

H\GmiC^), Z) - Z[ci,..., c„] , G H^\GmiC^), Z) (A.6) 

is the ring of polynomials with integer coefficients and m generators of even degree BMSl Theorem 
14.5]. These generators are called universal Chern classes and there are no polynomial relationships 
between them. By using the fact that isomorphism classes of rank m complex vector bundles over 
X are classified by maps \ip\ e [X, Gm(C“)], one defines fhe Chern classes of a given vector bundle 
> X by fhe pullback of fhe universal Chern classes via fhe classifying map ip. More precisely, one 
uses fhe induced homomorphisms in cohomology ip* : H^iG,„iC°°), Z) ^ H^iX, Z) fo define 

Cki<^) := ip*itV e H^\X,Z) 


ken 
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as the (topological) Chem classes of the vector bundle S’. Since the homomorphism ip* only depends 
on its homotopy class [(/?], isomorphic vector bundles possess the same family of Chern classes. 


Remark A.2 (Postnikov sections of the Grassmann manifold). The problem of the construction of the 
Postnikov tower for the spaces G,„(C“) has been firstly studied in llPetll . With reference to the content 
of Section [53] let a,- : G,n(C°°) —> be the y-th Postnikov section of the Grassmann manifold 
Gm(C“). This section is obtained from the previous one according to the (principal) fibration 
sequences 

K{nj,j) ^ ^ K{nj,i^Y) (A.7) 

where tt/ := and define the related Postnikov invariant. Since n'y((#j”) = 0 for j odd and j < 

2 m one has that ^^j-i ~ ^ 2 j -2 j ^ Thus, one has to compute , n 2 j) for j m. 

Now llPetl Lemma 4.4] states that for j < m the invariant has order (j- 1)!. With this information 
we can immediately conclude that ^ {*} which implies - 0 and so ^ K{Z, 2) - CP“ 

for all m ^ 1. For the determination of the next section one needs e H^(CP°°, 7 r 4 ) - 0 for m ^ 2. In 
conclusion one has 


fr 


Lemma 4.1 in llPetll assures that 


,2) X K(Z,4) 

- 


V m > 2 . 


(A.8) 


/mv'^ for all k < 4 and with the help of the 
Kiinneth formula for cohomology and the explicit knowledge of the cohomology groups of K(Z, 2) 
and K(Z, 4) one obtains that for all ni ^ 2 


H\G,n{C^\Z) 

H\G,n{C-),Z) 

H\G^{(r),Z) 

H\G,n{C-),Z) 

H\G„{C°),Z) 


H^{K{Z, 2), 
0 

h\K{Z, 2), 
0 

H'^iKiZ, 2 ), 


H^\K{Z, 4),: 


H'^iKiZA),' 


The above computations show that the first two universal Chern classes ci and C 2 can be identified with 
the basic class of H^(K{Z, 2), Z) and H^{K{Z, 4), Z), respectively (for a definition of basic class see 
e. g. IIArkl Definition 5.3.1]). - 4 . 


Also the cohomology ring of the unitary group l[J(m) is well-known. It is a classical result that 

Z) - [roi,..., u)„J , Z) (A.9) 

is the exterior algebra generated by m odd-degree classes ro^; IIBorll Theoreme 19.1] or IIBor21 Section 
10]. By adhering to a modern terminology (see e. g. BPSII ) we will refer to the ro^-’s as the universal odd 
Chern classes. The description (IA.9I ) can be generalized to the infinite unitary group lU(oo). 

Lemma A.3. The cohomology ring of the infinite unitary group lU(oo) 

//*(U(<x,),Z) - /\^[toi,tD 2 ,...] , Wk e H^’^-\V{c^),Z) , keN (A.IO) 

is the exterior algebra generated by a countable family of odd-degree classes ro^.. 

Proof The group lU(oo) is by definition the limit of the direct system of inclusions 

U(l) i 1LJ(2) A 10(3) ^ ... 

which induces an inverse system in cohomology 
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The relation between the inverse system (lA.llI) and the cohomology //*(l[J(oo),Z) is specified by the 
Milnor exact sequence. Let us define a cochain complex (C*, 6 ) by 

C* in, y = 0,l 

10 7>2 

where H is the direct product of abelian groups and the (only non-trivial) differential d : C*’ —> CMs 
defined by 

d(ai,a 2 ,a 3 ,...) := (oi - ( 02 ), 02 - 12 ( 03 ), 03 - 13 ( 04 ),...) , aj e H*iV{j),Z) . 

By definition the inverse limit (lA.llI) arises as the 0-th cohomology group of the cochain complex 
(C*,d),f.e. 

lim//*(U( 7 ),Z) := = Ker(d) . 

The cokernel of 5 is usually called “limit 1”: 

lim'//*(U( 7 ),Z) := h\c\6 ) = cVlm(d) . 

The Milnor exact sequence UMil Lemma 2] states that 

0 —> lim^//•(U( 7 ),Z) ^ //•(U(oo),Z) ^ Urn 0. (A.12) 

Notice that each i* : H*{V(j + 1), Z) —> Z) is surjective since i*(u)^) = ro^ for all k = I,... ,j 

and i*(rD 2 +i) = 0. Then, a simple argument shows that also the differential d : C*’ —> C* is surjective and 
so the “limit 1” is trivial. This implies that H*{V{oo),Z) - Ker(d) and the kernel Ker(d) is generated 
by elements of the form (rD,(.> • • •) which can be identified with the generators ro^ for all k £ N. 

This concludes the proof. ■ 

Remark A.4 (Postnikov sections of the infinite unitary group). The Postnikov resolution of the infinite 
unitary group l[J(oo) can be used to provide a different description of the universal odd Chern classes 
ro<;, at least in low dimension. With reference to the technological apparatus described in Section [53] 
we want to compute the Postnikov sections aj : l[J(oo) —> From n'i(lLJ(oo)) - Z we immediately 

get = K(Z, 1) - Since we know that 7 r 2 /l[J(oo)) = 0 and by using the fact that K(0,j) = {*) 
(along with BHatl Corollary 4.63]) we obtain from (15.71) that - '^27-r need to compute 

only the odd sections. For the computation of ^ 3 “ we need the knowledge of the Postnikov invariant 
k‘^ in the fiber sequence 

K{Z,3) A ^ K{Z,4). (A. 13) 

From its very definition we know that £ H^{^^,Z) ~ H^(S^,Z) = 0. The vanishing of 

immediately yields 

^ 4 “ ^ ^ K{Z,l) X K{Z,3) . (A. 14) 

The next step requires the computation of the Postnikov invariant in the fiber sequence 

KiZ,5) A ^ K{Z,6) . (A. 15) 

In this case the Postnikov invariant is an element of ^ x K(Z,3),Z). The 

knowledge of the non trivial cohomology H^{S^,Z) - Z if k = 0,1 and the use of the Kiinneth formula 
for cohomology provide 

H\%^,Z) - (Z ®z H\K{Z,3),Z)) © (Z 0z H\K{Z,3),Z)) - Z 0 z Z 2 - Z 2 . 
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where we used the explicit results = 0 and 3),Z) ^ Z 2 computed in HBTl 

Section 18]. This is compatihle with the more general result BABl Lemma 5] which states that is a 
(non-trivial) element of order 2. This implies that 

^oc ^ ^ X K(Z,3)) x^6 K(Z,5) . (A. 16) 

where the last product is “twisted” hy the action of the non trivial class k^. Evidently the construction 
becomes more and more involved when the degree of the Postnikov section increases. Let us consider 
now the implication of (IA.14I) for the interpretation of the first two generators of l[J(oo). By construc¬ 
tion the map a 4 : l[J(oo) —> is a 5-equivalence, hence the Whitehead’s second theoren^ assures 
that H^{V{oo),Z) - for all k 4. With the help of the Kiinneth formula for cohomology 

and the explicit knowledge of cohomology of K(Z,l) and K(Z,3) one computes 

//0(l[J(oo),Z) ^ H^\K{Z,1),Z) ®z H^{K(Z,3),Z) ^ Z 

H\V{oo),Z) ^ //‘(^(Z, 1),Z) ®z H^iK{Z,3),Z) ^ H^{K{Z,l),1) ^ Z 

//2(l[J(oo), Z) ^ 0 

//^(l[J(oo),Z) //°(^(Z, 1), Z) ®z H^{K{Z,3),Z) ^ H^{K{Z,3),Z) ^ Z 

H^{V{oo),Z) ^ H\K{Z,1),Z) ®z H^{K{Z,3),Z) ^ Z. 

The above result shows that roi and roz can be identified with the basic class of H^{K{Z, 1),Z) and 
H^{K{Z, 3), Z), respectively (for a definition of basic class see e. g. IIArkl Definition 5.3.1]). As a final 
comment we can observe that (lA. 141) also describes the 3-rd and 4-th Postnikov sections of Ufm) for 
all m ^ 2 while (lA. 161) describes the 5-rd and 6-th Postnikov sections of l[J(m) for all m ^ 3 (stable 
regime). ◄ 


Appendix B. Fiber bundle identieication of the classifying space 


The definition (13.21) says that the spaces ;ym(C”) are subspaces of Gm(C") x T}{n). These spaces can 
be also identified with the total spaces of suitable fiber bundles. For this aim, let us recall a standard 
construction: For any Lie group (G and any principal (G-bundle tt : > A we use the adjoint action 

of G on (G to get the associated fiber bundle 

Ad(,^) := ^ XAd G = (.^ X G)/G 

where g £ G acts on (p,h) e x G by ip,h) ^ {p ■ g~^,g ■ h ■ g“*). It is a well-known fact that 
sections of Ad(,^) ^ A are in one to one correspondence with automorphisms of BHul Chapter 7, 
Section 1]. 


Let us also recall that the Grassmann manifold and its tautological lLJ(m)-frame bundle (Stiefel 
variety) —> G,„(C”) can be realized as quotient spaces: 

Gm(C") lLJ(?i)/(l[J(ni) X l[J(?i - ni)) , ~G{ii)IG{n - m) , (B.l) 

where G{m) and G{n - m) act (on the right) on l[J(n) through the inclusions of C™ and C'”“” into 
C” = C'” 0 Let E e G„,(C”) be a subspace of C” of dimension m. Given orthonormal basis 

V (vi,..., Vm) and w (wi,..., w„_„j) of X c C" and E-*- c C", respectively one can form an 
element (v, w) e l[J(n) by arraying the vectors as columns, i. e. 


(v,w) 


Vl 


Wi 


W„-„ 


(B.2) 


^ More precisely the Whitehead’s second theorem lArkl Theorem 6.4.15] (see also |Sp| Chapter I, Section 8 , Theorem 
9]) says that 0-4 induces a 5-homology equivalence (see lArid Definition 6.4.10]). At this point the proof that a n-homology 
equivalence implies a n-cohomology equivalence is provided hy the use of the universal coefficient theorem as in IPetl Lemma 


4.1]. 
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According to this notation v and w can be considered an nxm and an nx{m-n) matrices, respectively. 
The pair (v, w) provides a representative for ([v],[w]) = S e according to the quotient 

description of the Grassmann manifold in (IB.ll ). Here, the equivalence relations are naturally given by 
V ~ V a and w ~ w Z? for some a e V{m) and b e lU(n - m). Similarly, we can use (v, [w]) e for 
a point in the Stiefel variety according to the quotient representation in (IB.ll) and an element c € V{m) 
in the structure group can be represented by a block diagonal matrix 



0 

lo 

m 


c V{n) . 


In this way points in Ad(,5^^) are given by equivalence classes [(v, w), c] with respect to the equiva¬ 
lence relation ((v, w • b), c) ~ ((v • w), a ■ c ■ a“') for some a e V{m) and b € V{n - ni). 


The core of this appendix is the proof of the following identifications: 


Proposition B.l. There are natural homeomorphisms 

Xmin - Ad(^;;) , and ^ Ad(^“) , 

where, as usual, denotes the inductive limit obtained by the inclusions c d .... 


However, we staiT first with a technical preliminary result. 


Lemma B.2. For each pair of integers 1 < m < n there is a bijective continuous map 


d : Ad(^;j) ^ XmiC'f . 


(B.3) 


Proof. Given an element (v, w) e V{n) as in (IB.21) and a c € V{m) there is a unique unitary matrix 
mCv; w; c) € l[J(n) such that m(-v; w; c) • (v, w) = (v • c, w). Such a matrix is explicitly given by 


n(v;w;c) (v, w) 


T 

-Lm—17 


' (v, w) 


By construction m(v; w;c) preserves the m-dimensional subspace ([v], [w]) = S c C” spanned by the 
columns of v. Therefore, the pair (L,u) := (([v], [w]), m(v; w; c)) provides a point in;t',„(C”). This 
allows to define fhe map 

I? : X U(m) ^ x,n{C'‘) 

/ \ (^-4) 

((v, [w]),c) I—> (X,m) 

This map factors fhrough fhe equivalence relation fhaf defines Ad(=5^^) since ([v], [w]) = ([v-a], [w]) = 
E and 


m(v • a; w; a • c • a = m(v;w;c) = m(v; w • c) , 


V a e TU(m), b £ l[J(?i — m) 


Hence, fhe prescripfion (IB.41) defines a map like (IB.31) . The map d is also continuous. Indeed, fhe 
fopology of Ad(,5^") is induced from V{n) x V{m) by a quofienf, and fhaf of;^f,„(C") is induced from 
G„j(C") X l[J(n) by an inclusion. Thus, to prove fhaf d is continuous, if suffices to prove fhaf fhe 
composition of fhe following maps is continuous: 


Ufn) X V{m) Gm(C”) x lU(n) 

pr I 


(B.5) 


Ad(^:;)^— 

The nafural projecfion pr and fhe inclusion i are continuous by consfrucfion. Moreover, fhe composi¬ 
tion of fhe fhi-ee maps is easily computed to be ((v, w), c) (([v], [w]), m(v; w; c)) which is evidenfly 
confinuous. This, in furn, implies fhe confinuify of d. 

In order fo prove fhaf d is bijecfive we consfrucf ifs inverse g. Lef us sfarf wifh a poinf (E, u) £ Xmi^’^) 
and choose orfhonormal basis v and w such fhaf ([v], [w]) = E as above. Since u £ l[J(n) preserves E 
fhere is a unique c(v; u) £ V(m) such fhaf m • v = v • c(v; u). Such a mafrix is explicifly given by 


c(-v; u) 


V • M • V 
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where V denotes the transpose of the matrix v, complex conjugated of v. Now we define 

: X,n(C") 

(E,m) I—> ((v, [w]),c(v;m)) , 

where (v, [w]) e f[J(n)/l[J(n - m) identifies an elemenf of 5^'^. The map q does not depend on the 
choice of a frame w for S-*- (as denoted by the square brackets). Moreover, if v' = ^ - a with a € U(m) 
is a new frame for E, a direct computation shows c{^'',u) = • c(v; u) ■ a. These two facts prove 

that Q really maps into Ad(^,Jj). The proof that q - follows now from a direct, as well trivial, 
verification. ■ 


Proof of Proposition \B.1\ Lemma Ib 3] proves the existence of a continuous bijection P : Ad(c5^„") 
Tm(C”). Since Ad(c5^") is compact (it is the quotient of a compact group) and is Hausdorff 

(it is the subspace of a Hausdorff space), P furns out to be a homeomorphism (see e. g. Oil Chapter 
I, Section 8]). This homeomorphism is compatible with taking the direct limits, so that it induces a 
homeomorphism ■& : Ad(,5^“) —> B™. ■ 

From the construction of the identifications in Proposition IB. H it follows that the mapping ;t^m(C”) —> 
G„j(C") in (13.41) and ^ Gm(C“) in (13.71) agree with the bundle maps Ad(,5^”) ^ Gm{C") and 
Ad(.5^“) ^ Gm{C°°), respectively. Summarizing, one has the fiber sequence 

U(m) ^ Ad(^“) - B;;' ^ G,„(C“) (B.7) 

with projection n given by (13.71) . 

When m = 1, just by exploiting the fact that FJ(1) is abelian, one gets the following immediate 
consequence of Proposition IB . 1 1 

Corollary B.3. 

B^ ^ Ad(^“) CP“ X 1[J(1) . 


[AB] 

[AH] 

[AM] 

[Ark] 

[Art] 

[At] 

[BMKNZ] 


[Borl] 


[Bor2] 

[Botl] 

[Bot2] 

[Br] 

[BT] 

[BuT] 

[CJ] 

[Cl] 

[DGl] 
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